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Itis always possible to find a pair (i, j)satisfying the conditionsa < i,j<n—b
since we are assuming a + b < k < n; this concludes the proof of part (i).

The proof of part (ii) requires only one further step: we have to check the
vectors w? with a + b = k = n to see if any of them might be highest weight
vectors for so,, C. In fact (as the statement of the theorem implies), two of them
are: It is not hard to check that, in fact, w™® and w" ™'V are killed by every
positive root space gy, . . To see that no other vector w'"~? is, look at the
actionof Y, .4, €9y,,,+1,,,: We have
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Remarks. (i) This theorem will be a consequence of the Weyl character
formula, which will tell us a priori that the dimension of the irreducible

. (2
representation of so,,C with highest weight L, + --- + L, has dimension ( kn)

if k < n, and half that if k = n.

(i) Note also that by the above, A"V is the direct sum of the two irreducible
representations I',, and I',; with highest weights 2o = L, +--- + L, and
2p=L,+-+ L, , — L,. Indeed, the inclusion I, @ I';; = A"V can be
seen just from the weight diagram: /\"V possesses a highest weight vector with
highest weight L, + --- + L,, and so contains a copy of I',,; but this repre-
sentation does not possess the weight 2f, and so /\"V must contain I',; as
well. (Alternatively, we observed in the preceding lecture that in choos-
ing an ordering of the roots we could have chosen our linear functional | =
¢,H, + -+ ¢c,H,with¢; > ¢; >+ > —c, > 0 without altering the positive
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roots or the Weyl chamber; in this case the weight A of A"V with /(1) maximal
would be 28, showing that I,; = A"V))

(iii) If we want to avoid weight diagrams altogether, we can still see that
A"V must be reducible, because the action of s0,,C preserves two bilinear
forms: first, we have the bilinear form induced on A"V by the form Q on V;
and second we have the wedge product

@: NV x 'V - A"V = C,

the last map takinge, A -** A e,, to 1. It follows that A"V is reducible; indeed,
if we want to see the direct sum decomposition asserted in the statement of
the theorem we can look at the composition

T ANV > N'V* 5 A\,

where the first map is the isomorphism given by Q and the second is
the isomorphism given by ¢. The square of this map is the identity, and
decomposing A"V into +1 and —1 eigenspaces for this map gives two
subrepresentations.

Exercise 19.3*. Part (i) of Theorem 19.2 can also be proved by showing that
for any nonzero vector w e A\*V, the linear span of the vectors X(w), for
X € s0,,C, is all of A\*V. For these purposes take, instead of the basis we have
been using, an orthonormal basis v, , ..., v, for V = C™,m = 2n,s50 Q(v;, v;) =
d; ;- The vectors v; = v; A"+ A v, I = {i; <-** <i.}, form a basis for \‘V,
and s0,,C has a basis consisting of endomorphisms V, ., p < g, which takes
v, to v, v, to —v,, and takes the other v; to zero. Compute the images V), ,(v)),
and prove the claim, first, when w = v, for some I, and then by induction on
the number of nonzero coefficients in the expression w = Y a,v,. For (ii) a
similar argument shows that /A"V is an irreducible representation of the group
0O, C, and the ideas of §5.1 (cf. §19.5) can be used to see how it decomposes over
the subgroup SO, C of index two.

We return now to our analysis of the representations of so,,C. By the
theorem, the exterior powers V, A%V, ..., A"~2V provide us with the irreduc-
ible representations with highest weight the fundamental weight along the first
n — 2 edges of the Weyl chamber (of course, the exterior power A\"™'V is
irreducible as well, but as we have observed, L, + -** + L,_, isnot on an edge
of the Weyl chamber, and so A"~V is not as useful for our purposes). For the
remaining two edges, we have found irreducible representations with highest
weights located there, namely the two direct sum factors of A"V; but the
highest weights of these two representations are not primitive ones; they are
divisible by 2. Thus, given the theorem above, we see that we have constructed
exactly one-half the irreducible representations of so,,C, namely, those whose
highest weight lies in the sublattice Z{L,,..., L,} = Ay. Explicitly, any
weight y in the closed Weyl chamber can be expressed (uniquely) in the form
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y=a;L+ " +a,o(L; + "+ L,-)
+a,(Ly+"+L,.,—L)2+a,(L,+-+L,)2
with a; e N.If a,_, + a, is even, with a,_, > a, we see that the representation
Sym®V ® - ® Sym*-2(A\""2V) ® Sym*~(A\" ' V) @ Sym®=-1~*3(T,,)

will contain an irreducible representation I', with highest weight y; whereas if
a, > a,_,, we will find T, inside

Sym*V ® --- ® Sym*2(A""2V) ® Sym®-'(A\""1V) ® Sym“~~-/2([,,).

There remains the problem of constructing irreducible representations T,
whose highest weight y involves an odd number of «’s and f’s. To do this, we
clearly have to exhibit irreducible representations I', and I’y with highest
weights o and B. These exist, and are called the spin representations of s0,,C;
we will study them in detail in the following lecture. We see from the above
that once we exhibit the two representations I, and I';, we will have con-
structed all the representations of so,,C. The representation I', with highest
weight y written above will be found in the tensor product

Sym“V ® *-- ® Sym*2(\""2V) ® Sym*(I';) ® Sym*~(T).

For the time being, we will assume the existence of the spin representations
of $0,,C; there is a good deal we can say about these representations just on
the basis of their weight diagrams.

Exercise 19.4*. Find the weights (with multiplicities) of the representations
AV, and also of Ty, I',4, T, and T,.

Exercise 19.5. Using the above, show that T, and I'; are dual to one another
when n is odd, and that they are self-dual when n is even.

Exercise 19.6. Give the complete decomposition into irreducible representa-
tions of Sym?I, and A*T,. Show that

I, RLL=L,ON VAN VON VR .
Exercise 19.7. Show that
LIG=N""VON VONT VD .

Exercise 19.8. Verify directly the above statements in the case of so4C, using
the isomorphism with s, C.

Exercise 19.9. Show that the automorphism of C2" that interchanges e, and
e,., leaving the other e; fixed, determines an automorphism of so,,C that
preserves the n—2 roots L, —L,, ..., L,_, —L,; and interchanges
L,,—L,and L, , + L,. This automorphism takes the representation V to
itself, but interchanges I’, and I';.
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§19.3. Representations of so,C

While we might reasonably be apprehensive about the prospect of a family of
Lie algebras even more strangely behaved than the even orthogonal algebras,
there is some good news: even though the roots systems of the odd Lie algebras
appear more complicated than those of the even, the representation theory of
the odd algebras is somewhat tamer. We will describe these representations,
starting with the example of so,C; we begin, as always, with a picture of the
root diagram:

P Ly+Ly+L,
R
[?.f—‘ i
." ' N .
S TR ® oL, +L,
o ik
o leier
/Lﬁ‘"_—'_‘"—_—_—
_» >

As we said, this looks like the root diagram for sp¢C, except that the roots
+2L; have been shortened to +L;. Unlike the case of so5C, however, where
the long and short roots could be confused and the root diagram was corre-
spondingly congruent to that of sp,C, in the present circumstance the root
diagram is not similar to any other; the Lie algebra so,C, in fact, is not
isomorphic to any of the others we have studied. Next, the Weyl chamber:

L,+ Ly+Ly

Again, the Weyl chamber itself looks just like that of spgC; the difference
in this picture is in the weight lattice, which contains the additional vector
(Ly + L, + Ly)/2.
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As usual, we start our study of the representations of so0,C with the
standard representation, whose weights are + L; and 0:

L,

Note that the highest weight L, of this representation lies along the front edge
of the Weyl chamber. Next, the weights of the exterior square A’V are
+L;+ L;, £L;, and 0 (taken three times); this, of course, is just the adjoint
representation. Note that the highest weight L, + L, of this representation is
the same as that of the exterior square of the standard representation for sosC,
but because of the smaller Weyl chamber this weight does indeed lie on an
edge of the chamber.

Next, consider the third exterior power A3V of the standard. This has
weights + L, + L, + L3, +L; + L;, +L; (with multiplicity 2) and 0 (with
multiplicity 3), i.e., at the midpoints of all the vertices, edges, and faces of the
cube:

Ly+Ly+L,

It is not obvious, from the weight diagram alone, that this is an irreducible
representation; it could be that /A*V contains a copy of the standard represen-
tation V and that the irreducible representation I', ., ., thus has multiplicity
1 on the weights +L; and multiplicity 2 (or 1) at 0. We can rule out this
possibility by direct calculation: for example, if this were the case, then A3V
would contain a highest weight vector with weight L, . The weight space with
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eigenvalue L, in AV is spanned by the tensors e, A e, A esande; A e; A e,
however, and if we apply to these the generators X, , =E,; , — Es,,
X,3=E,;—Eqs,and U; = E; , — E ¢ of the root spaces corresponding
to the positive roots L, — L,, L, — L,, and L;, we see that

X, 3(e; Aes Aeg) =ey A ey A eg,
Us(e; Aes Aeg)=e, Aes Aeq #0;

X,3(e; Aeynes)=e; Aey A eg,
Us(e, Ae, Aes)=0.

There is thus no linear combination of e; A e, A es and e; A e; A e killed
by both U, and X, 5, showing that A3V has no highest weight vector of weight
L,.

Exercise 19.10. Verify that A*V does not contain the trivial representation.

We have thus found irreducible representations of so0, C with highest weight
vectors along the three edges of the Weyl chamber, and as in the case of s0,C
we have thereby established the existence of the irreducible representations of
s0,C with highest weight in the sublattice Z{L,, L,, L,}. To complete the
description, we need to know that the representation I', with highest weight
o = (L, + L, + L,)/2 exists, and what it looks like, and this time there is no
isomorphism to provide this; we will have to wait until the following lecture.
In the meantime, we can still have fun playing around both with the represen-
tations we do know exist, and also with those whose existence is simply
asserted.

Exercise 19.11. Find the decomposition into irreducible representations of the
tensor product ¥V ® A?V; in particular find the multiplicities of the irreducible
representation I, ., with highest weight 2L, + L,.

Exercise 19.12. Show that the symmetric square of the representation T,
decomposes into a copy of A*V and a trivial one-dimensional representation.

Exercise 1913. Find the decomposition into irreducible representations of
NT,.

§19.4. Representations of the
Odd Orthogonal Algebras

We will now describe as much as we can of the general pattern for representa-
tions of the odd orthogonal Lie algebras so,,.,;C. As in the case of the even
orthogonal Lie algebras, the proof of the existence part of the basic theorem
(14.18) (that is, the construction of the irreducible representation with given
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highest weight) will not be complete until the following lecture, but we can
work around this pretty well.

To begin with, recall that the weight lattice of s0,,,, C is, like that of s0,,C,
generated by L, ..., L, together with the further vector (L, + --* + L,)/2. The
Weyl chamber, on the other hand, is the cone

W ={Y aL:a, >a,>">a,>0}

The Weyl chamber is as we have pointed out the same as for sp,,C, that is,
it is a simplicial cone with faces corresponding to the n planes a; = aj, ...,
a,_, =a, and a,=0. The edges of the Weyl chamber are thus the rays
generated by the vectors L,, L, + L,,...,L, + -+ L, ;andL; + -+ L,
(note that L; + -+ + L,_, is on an edge of the Weyl chamber). Again, the
intersection of the weight lattice with the closed Weyl cone is a free semigroup,
in this case generated by the fundamental weights w, = L, w, = L; + L,,

vy Wyy =Ly +--+L,; and the weight w,=a=(L, + '+ L,)/2.
Moreover, as we saw in the cases of so;C and so,C, the exterior powers of
the standard representation do serve to generate all the irreducible representa-
tions whose highest weights are in the sublattice Z{L,, ..., L,}: in general we
have the following theorem.

Theorem 19.14. For k =1, ..., n, the exterior power /\V of the standard
representation V of $0,,.,C is the irreducible representation with highest weight
Ll + R + Lk-

Proor. We will leave this as an exercise; the proof is essentially the same as in
the case of so,,C, with enough of a difference to make it interesting. O

We have thus constructed one-half of the irreducible representations of
$0,,4+1 C: any weight y in the closed Weyl chamber can be written

Y= alLl + az(Ll + Lz) + -+ an—l(Ll + -+ L”_l) + a"(Ll + -+ L,,)/2
with a; € N; and if a, is even, the representation
Sym“V ® --- ® Sym®(A""1V) ® Sym*2(A\"V)

will contain an irreducible representation I', with highest weight y. We are still
missing, however, any representation whose weights involve odd multiples of
a; to construct these, we clearly have to exhibit an irreducible representation
I', with highest weight a. This exists and is called (as in the case of the even
orthogonal Lie algebras) the spin representation of s0,,,,C. We see from the
above that once we exhibit the spin representation I',, we will have constructed
all the representations of so,,,, C; for any y as above the tensor

Symal | 4 ® e ® Syﬂ']"""(/\"_1 V) ® Syma"(ra)

will contain a copy of I,

As in the case of the spin representation I, of the even orthogonal Lie
algebras, we can say some things about I, even in advance of its explicit
construction; for example, we can do the following exercises.
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Exercise 19.15. Find the weights (with multiplicities) of the representations
NV, and also of T,.

Exercise 19.16. Give the complete decomposition into irreducible representa-
tions of Sym2T, and A’T,. Show that

LOL=AVONIVON VD - &NV V.

Exercise 19.17. Verify directly the above statements in the case of s05C, using
the isomorphism with sp,C.

§19.5. Weyl’s Construction for Orthogonal Groups

The same procedure we saw in the symplectic case can be used to construct
representations of the orthogonal groups, this time generalizing what we saw
directly for A\*V in §§19.2 and 19.4. For the symmetric form Q on V = C™,
the same formula (17.9) determines contractions from ¥ ®? to ¥®“~2) Denote
the intersection of the kernels of all these contractions by V. For any
partition A = (4, > - > 4, > 0) of d, let

As before, this is a representation of the orthogonal group O,,C of Q.

Theorem 19.19. The space Sy;,V is an irreducible representation of O,,C; S,V
nonzero if and only if the sum of the lengths of the first two columns of the
Young diagram of A is at most m.

The tensor power ¥ ®¢ decomposes exactly as in Lemma 17.15, with every-
thing the same but replacing the symbol {d) by [d]. In particular,

SV = V¥-c, = Im(c;: V19 - Vi),

Exercise 19.20. Verify that S;;,V is zero when the sum of the lengths of the
first two columns is greater than m by showing that A"V ® NV ® V@797 js
contained in ), ¥,(V®“~?) when a + b > m. Show that S,V is not zero
when the sum of the lengths of the first two columns is at most m.

Exercise 19.21*. (i) Show that the kernel of the contraction from Sym?V to
Sym?~2V is the irreducible representation Sy, V of so,,C with highest weight
dL 1 .
(ii) Show that
Syde = S[d]V® 8[4_2] V@ ce @ S[d—Zp]V’

where p is the largest integer < d/2.
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The proof of the theorem proceeds exactly as in §17.3. The fundamental
fact from invariant theory is the same statement as (17.19), with, of course, the
operators §; = ¥, o @, defined using the given symmetric form, and the group
Sp,,C replaced by O,,C (and the same reference to Appendix F.2 for the
proof). The theorem then follows from Lemma 6.22 in exactly the same way
as for the symplectic group.

To find the irreducible representations over SO,,C one can proceed as in
§5.1. Weyl calls two partitions (each with the sum of the first two column
lengths at most m) associated if the sum of the lengths of their first columns is
m and the other columns of their Young diagrams have the same lengths.
Representations of associated partitions restrict to isomorphic representa-
tions of SO,,C. Note that at least one of each pair of associated partitions will
have a Young diagram with at most m rows. If m = 2n + 1 is odd, no A is
associated to itself, but if m = 2n is even, any 4 with a Young diagram with n
nonzero rows will be associated to itself, and its restriction will be the sum of
two conjugate representations of SO,,C of the same dimension. The final result
is:

Theorem 19.22.(i) If m = 2n + 1,and A = (A; > -+ > A, > 0), then S,V is the
irreducible representation of so,,C with highest weight A,L, + -+ + 4,L,.

(@) If m=2n,and A = (A; =+ > A,_y > 0), then S,V is the irreducible
representation of so, C with highest weight A, L, + --- + 4,L,.

(i) If m=2n,and A = (A; > -+ > A,_; > 4, > 0), then S,V is the sum of
two irreducible representations of so,,C with highest weights A, L, + -+ + A,L,
and A\, Ly + -+ A, L,_, — A,L,.

Exercise 19.23. When m is odd, show that O,,C = SO,,C x {£1I}. Show that
if Aand pare associated, then u = 1 ® ¢, where ¢is the sign of the determinant.

We postpone to Lecture 25 all discussion of multiplicities of weight spaces,
or decomposing tensor products or restrictions to subgroups.

As we saw in Lecture 15 for GL,C and in Lecture 17 for Sp,,C, it is possible
to make a commutative algebra S = SI'(V) out of the sum of all the
irreducible representations of SO,,C, where V = C™ is the standard repre-
sentation. First suppose m = 2n + 1 is odd. Define the ring S’(¥, n) as in §15.5,
which is a sum of all the representations S,(V) of GL(V) where A runs over
all partitions with at most n parts. As in the symplectic case, there is a
canonical decomposition

SA(V) = S[A](V) ® J[z](V),
and the direct sum J™1 = @), J; (V) is an ideal in S'(V, n). The quotient ring
SH(V) = AV, n)/JT = P Siu(V)
7

is a commutative graded ring which contains each irreducible representation
of SO,,,,C once.
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If m = 2n is even, the above quotient will contain each representation
Sp(V) twice if 4 has n rows. To cut it down so there is only one of each, one
can add to J relations of the form x — 7(x), for x € A"V, where 1: A"V - A"V
is the isomorphism described in the remark (iii) after the proof of Theorem
19.2. For a detailed discussion, with explicit generators for the ideas, see [L-T].



LECTURE 20

Spin Representations of so,,C

In this lecture we complete the picture of the representations of the orthogonal Lie
algebras by constructing the spin representations S* of so,C; this also yields a
description of the spin groups Spin,,C. Since the representation-theoretic analysis of
the spaces S* was carried out in the preceding lecture, we are concerned here primarily
with the algebra involved in their construction. Thus, §20.1 and §20.2, while elementary,
involve some fairly serious algebra. Section 20.3, where we briefly sketch the notion of
triality, may seem mysterious to the reader (this is at least in part because it is so to
the authors); if so, it may be skipped. Finally, we should say that the subject of the spin
representations of so,,C is a very rich one, and one that accommodates many different
points of view; the reader who is interested is encouraged to try some of the other
approaches that may be found in the literature.

§20.1: Clifford algebras and spin representations of so,,C
§20.2: The spin groups Spin,,C and Spin,,R
§20.3: SpingC and triality

§20.1. Clifford Algebras and Spin Representations
of so0,,C

We begin this section by trying to motivate the definition of Clifford algebras.
We may begin by asking, why were we able to find all the representations of
SL,C or Sp,,C inside tensor powers of the standard representation, but only
half the representations of SO,,C arise this way? One difference that points in
this direction lies in the topology of these groups: SL,C and Sp,,C are simply
connected, while SO,,C has fundamental group Z/2 for m > 2 (for proofs
see §23.1). Therefore SO,,C has a double covering, the spin group Spin,,C.
(For m < 6, these coverings could also be extracted from our identifications
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of the adjoint group PSO,,C with the adjoint group of other simply connected
groups; e.g. the double cover of SO, C is SL,C.) We will see that the missing
representations are those representations of Spin,,C that do not come from
representations of SO,,C.

This double covering may be most readily visible, and probably familiar,
for the case of the real subgroup SO, R of rotations: a rotation is specified by
an axis to rotate about, given by a unit vector u, and an angle of rotation
about u; the two choices +u of unit vector give a two-sheeted covering. In
other words, if D3 is the unit ball in R3, there is a double covering

§? = D3/6D® - SO, R,

which sends a vector v in D3 to rotation by the angle 2x||v| about the unit
vector v/||v|| (the origin and the unit sphere dD* are sent to the identity
transformation).

This covering is even easier to see for the entire orthogonal group O;R,
which is generated by reflections R, in unit vectors v (with + v determining
the same reflection): we can describe the double cover of O;R as the group
generated by unit vectors v, with relations

V' e Uy =Wy e W,

whenever the compositions of the corresponding reflections are equal, ie.,
whenever

R o---oR =Rw,°"’°me;

vy Un

and also relations
(=) (=w)y=vw

for all pairs of unit vectors v and w. (Note that if we restricted ourselves to
products of even numbers of the generators v € dD* we would get back the
double cover of the special orthogonal group SO,C.)

How should we generalize this? The answer is not obvious. For one thing,
for various reasons we will not try to construct directly a group that covers
the orthogonal group in general. Instead, given a vector space V (real or
complex) and a quadratic form Q on V, we will first construct an algebra
CIiff(V, Q), called the Clifford algebra. The algebra CIliff(V, Q) will then turn
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out to contain in its multiplicative group a subgroup which is a double cover
of the orthogonal group O(V, Q) of automorphisms of V preserving Q.

By analogy with the construction of the double cover of SO R, the Clifford
algebra CIiff(V, Q) associated to the pair (V, Q) is an associative algebra
containing and generated by V. (When we want to describe the spin group
inside Cliff(V, Q) we will restrict ourselves to products of even numbers of
elements of ¥V having a fixed norm Q(v, v); if odd products are allowed as well,
we get a group called “Pin” which is a double covering of the whole orthogonal
group.) To motivate the definition, we would like Cliff(V, Q) to be the algebra
generated by V subject to relations analogous to those above for the double
cover of the orthogonal group. In particular, for any vector v with Q(v, v) = 1,
since the reflection R, in the hyperplane perpendicular to v is an involution,
we want

vv=1
in CIiff(V, Q). By polarization, this is the same as imposing the relation
vw+wo=20(,w

for all v and w in V. In particular, w-v = —v-wif v and w are perpendicular.
In fact, the Clifford algebra’ will be defined below to be the associative algebra
generated by V and subject to the equation v-v = Q(v, v).

Looking ahead, we will see later in this section that each complex Clifford
algebra contains an orthogonal Lie algebra as a subalgebra. The key theorem
is then that Cliff(V, Q) is isomorphic either to a matrix algebra or to a sum of two
matrix algebras. This in turn determines either one or two representations of
the orthogonal Lie algebras, which turn out to be the representations which
were needed to complete the story in the last lecture. Just as in the special linear
and symplectic cases, the corresponding Lie groups are not really needed to
construct the representations; they can be written down directly from the Lie
algebra. In this section we do this, using the Clifford algebras to construct
these representations of so,,C directly, and verify that they give the missing
spin representations. In the second section of this lecture we will show how
the spin groups sit as subgroups in their multiplicative groups.

Clifford Algebras

Given a symmetric bilinear form Q on a vector space V, the Clifford algebra
C = C(Q) = CIiff(V, Q) is an associative algebra with unit 1, which contains
and is generated by V, withv-v = Q(v, v)- 1 for all v € V. Equivalently, we have
the equation

vw+ w-v=20Q(v, w), (20.1)

! The mathematical world seems to be about evenly divided about the choice of signs here, and
one must translate from Q to —Q to go from one side to the other.
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for all v and w in V. The Clifford algebra can be defined to be the universal
algebra with this property: if E is any associative algebra with unit, and a
linear mapping j: V — E is given such that j(v)> = Q(v, v)- 1 for all ve V, or
equivalently '

J(@©)jw) +j(w)-j(v) = 2Q(v, w)- 1 (20.2)

for all v, w € V, then there should be a unique homomorphism of algebras from
C(Q) to E extending j. The Clifford algebra can be constructed quickly by
taking the tensor algebra
TWV)=@QVve=CoVve(¥enNerereane
n>0

and setting C(Q) = T (V)/I(Q), where I(Q) is the two-sided ideal generated by
all elements of the form v ® v — Q(v, v)- 1. It is automatic that this C(Q)
satisfies the required universal property.

The facts that the dimension of C is 2™, where m = dim(V), and that the
canonical mapping from V¥ to C is an embedding, are part of the following
lemma:

Lemma 203. If ey, ..., e, form a basis for V, then the products e; =
e, e, ....e, for I = {iy <i, <+ <i}, and with e, = 1, form a basis for
C(Q) = CIiff(V, Q).

PrOOF. From the equations e;-¢; + ¢;-¢; = 2Q(e;, ¢;) it follows immediately
that the elements e; generate C(Q). Their independence is not hard to verify
directly; it also follows by seeing that the images in the matrix algebras under
the mappings constructed below are independent. For another proof, note
that when Q = 0, the Clifford algebra is just the exterior algebra A'V. In
general, the Clifford algebra can be filtered by subspaces F,, consisting of those
elements which can be written as sums of at most k products of elements in
V; one checks that the associated graded space F,/F,, is A*V. For a third
proof, one can verify that the Clifford algebra of the direct sum of two
orthogonal spaces is the skew commutative tensor product of the Clifford
algebras of the two spaces (cf. Exercise B.9), which reduces one to the trivial
case where dim V = 1. O

Since the ideal I(Q) = T(V) is generated by elements of even degree, the
Clifford algebra inherits a Z/2Z grading:

C = Ceven @ Codd — C+ @ C_,

withC*-C*<=C*,C*-C " <=C,C -C*<=C~,C-C~ =C*;C* is spanned
by products of an even number of elements in ¥ and C~ is spanned by products
of an odd number. In particular, C***" is a subalgebra of dimension 2™,

Since C(Q) is an associative algebra, it determines a Lie algebra, with
bracket [a, b] = a-b — b-a. From now on we assume Q is nondegenerate. The
new representations of so,,C will be found in two steps:
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(i) embedding the Lie algebra so(Q) = so,,C inside the Lie algebra of the even
part of the Clifford algebra C(Q);
(ii) identifying the Clifford algebras with one or two copies of matrix algebras.

To carry out the first step we make explicit the isomorphism of A2V with
s0(Q) that we have discussed before. Recall that

50(Q) = {X € End(V): Q(Xv, w) + Q(v, Xw) = O for all v, win V}.
The isomorphism is given by

NV Zso(Q) c End(V), aA b @,

for a and b in V, where ¢,,, is defined by

@ary(v) = 2(Q(b, v)a — Q(a, v)b). (20.4)

It is a simple verification that ¢,,, is in s0(Q). One sees that the natural bases
correspond up to scalars, e.g., ¢; A e,,;maps to 2(E; ; — E,.; ,+;), so the map
is an isomorphism. (The choice of scalar factor is unimportant here; it was
chosen to simplify later formulas.) One calculates what the bracket on A?V
must be to make this an isomorphism of Lie algebras:

[Panss Peral (V) = ans © Pena(t) = Pena © Pans(v)
= 20,,5(Q(d, v)c — Q(c, v)d) — 2¢.,4(Q(b, v)a — Q(a, v)b)
=40(d, v)(Q(b, c)a — Q(a, c)b)
— 4Q(c, v)(Q(b, d)a — Q(a, d)b)
— 4Q(b, v)(2(d, a)c — Q(c, a)d)
+4Q(a, v)(Q(d, b)c — Q(c, b)d)
= 2Q(b, ©)@aa(v) — 2Q(b, d)Pap(v)
— 20(a, )@cnp(v) + 2Q(a, €)@4,5(v)-
This gives an explicit formula for the bracket on A2V:
[anbcadl=200b,c)and—-20b,danc
—2Q(a, d)c A b+ 2Q(a, c)d A b. (20.5)
On the other hand, the bracket in the Clifford algebra satisfies
[a-b,cdl]=ab-ccd—c-d-a-b
=(2Q(b,c)a-d —a-c-b-d) — (2Q(a,d)c'b — c-a-d-b)
=20(b,c)a-d — (2Q(b,d)a-c —a-c-d-b)
—2Q(a,d)cb + (2Q(a,c)-d"b—a-c-d-b)
=20(b,c)a-d —2Q(b,d)a-c — 2Q(a, d)c-b + 2Q(a,c)-d"b.
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It follows that the map y: A2V — CIiff(V, Q) defined by
Y(@Ab)y=4%ab—b-a)=ab—Qab) (20.6)
is a map? of Lie algebras, and by looking at basis elements again one sees that

it is an embedding. This proves:

Lemma 20.7. The mapping Y o ¢~ : s0(Q) = C(Q)*"*" embeds s0(Q) as a Lie
subalgebra of C(Q)"".

Exercise 20.8. Show that the image of y is

F, n C(Q)**" n Ker(trace),

where F, is the subspace of C(Q) spanned by products of at most two elements
of ¥, and the trace of an element of C(Q) is the trace of left multiplication by
that element on C(Q).

We consider first the even case: write V= W@ W', where W and W’ are
n-dimensional isotropic spaces for Q. (Recall that a space is isotropic when Q
restricts to the zero form on it.) With our choice of standard Q on V = C?",
W can be taken to be the space spanned by the first n basis vectors, W’ by the
last n.

Lemma 20.9. The decomposition V= W @ W’ determines an isomorphism of
algebras
C(Q) = End(A\'W),
where N\W = \°W@®--- ® N'W.
Proor. Mapping C(Q) to the algebra E = End(/\'W) is the same as defining

a linear mapping from V to E, satisfying (20.2). We must construct maps
I: W— E and I': W — E such that

Iw)* =0, I'w')? =0, (20.10)
and
Iw)o I'(W') + I'(W') o l(w) = 2Q(w, w')I

for any we W, w' € W'. For each w € W, let L,, € E be left multiplication by
w on the exterior algebra A'W:

L,)=wnl, CelNW.
For 3 € W*, let Dy € E be the derivation of A'W such that Dg(1) = 0, Dg(w) =
d(w)e A°W = C forwe W = A'W, and

2 Note that the bilinear form y given by (20.6) is alternating since ¥(a A a) = 0, so it defines a
linear map on A2y,
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Dy(C A &) = Dy(0) A & + (=100 A Dy(0).
Explicitly, Dg(w; A - A w,) =Y (=1 13(w))(wy A - AW; A+ A w,). Now
set
Iw)=L,, I'(w)=Dy, (20.11)

where 3 € W* is defined by the identity $(w) = 2Q(w, w’) for all w € W. The re-
quired equations (20.10) are straightforward verifications: one checks directly
on elements in W = A'W, and then that, if they hold on { and ¢, they hold
on { A & Finally, one may see that the resulting map is an isomorphism by
looking at what happens to a basis. O

Exercise 20.12. The left C(Q)-module A'W is isomorphic to a left ideal in C(Q).
Show that if f is a generator for A"W’, then C(Q)- f = A'W- f, and the map
{+> (- f gives an isomorphism

ANW-sANW-f=C@Q)f
of left C(Q)-modules.
Now we have a decomposition AW = A*"W @ AW into the sum of

even and odd exterior powers, and C(W)**" respects this splitting. We deduce
from Lemma 20.9 an isomorphism

C(Q)*" =~ End(\***"W) @ End(\°¥W). (20.13)

Combining with Lemma 20.7, we now have an embedding of Lie algebras:

50(Q) < C(Q)™**" = gl(A\"*"W) @ gl(\%W), (20.14)

and hence we have two representations of so(Q) = so,, C, which we denote by
St =A""W and S~ = /N\UW.
Proposition 20.15. The representations S* are the irreducible representations of

$0,,C with highest weightsa = (L, + --- + L,)and B = 3(L, +** + L,—; —
L,). More precisely,

S* =T, and S~ =T, ifniseven;

St =T, and S~ =T, ifnisodd.
PROOF. We show that the natural basis vectors e; = ¢; A ** A ¢, for N'W
are weight vectors. Tracing through the isomorphisms established above, we

see that H; = E; ; — E,,; ,+; in h < $0,,C corresponds to (e; A e,4;) in A*V,
which corresponds to 3(e; " e,.; — 1) in C(Q), which maps to

{(L,,© Dyes — I) = L, o D,y — 31 € End(A'W).

A simple calculation shows that
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e fifiel
0 ifi¢l

Therefore, e, spans a weight space with weight (3., L; — Y ;s L;). All such
weights with given |I| mod 2 are congruent by the Weyl group, so each of
ST =Av"W* and S~ = AW must be an irreducible representation. The
highest weights are easy to read off. For example, the highest weight for
AW is §Y" L; = a if n is even, while if n is odd, its highest weight is 8. [J

Le,- ° Dei‘(el) = {

These two representations S* and S~ are usually called the half-spin
representations of s0,,C, while their sum S = S* @ S~ = AW is called the
spin representation. Frequently, especially when we speak of the even and odd
cases together, we call them all simply “spin representations.” Elements of S
are called spinors. For other proofs of the proposition see Exercises 20.34 and
20.35.

For the odd case, write V=W@® W' @ U, where W and W’ are n-
dimensional isotropic subspaces, and U is a one-dimensional space perpendic-
ular to them. For our standard Q on C2"*!, these are spanned by the first n,
the second n, and the last basis vector.

Lemma 20.16. The decomposition V= W@ W' @ U determines an isomor-
phism of algebras

C(Q) ~ End(A'W) @ End(A'W").

PRrOOF. Proceeding as in the even case, tomap V to E = End(A'W), mapw € W
toL,,w' € W to Dy, where 3(w) = 2Q(w, w’) as before. Let u, be the element
in U such that Q(u,, u,) = 1, and send u, to the endomorphism that is the
identity on A®"*"W, and minus the identity on /AW, Since this involution
skew commutes with all L,, and Dy, the resulting map from V=W@ W @ U
to E determines an algebra homomorphism from C(Q) to E. The map to
End(A\'W’) is defined similarly, reversing the roles of W and W'. Again one
checks that the map is an isomorphism by looking at bases. O

Exercise 20.17*. Find a generator for a left ideal of C(Q) that is isomorphic
to N'W.

The subalgebra C(Q)*¥" of C(Q) is mapped isomorphically onto either of
the factors by the isomorphism of the lemma, so we have an isomorphism in
the odd case:

C(Q)r"*" = End(A'W). (20.18)

As before, this gives a representation S = A'W of Lie algebras:
$02,+1C = 50(Q) = C(Q)™"*" = gl(A'W) = gl(S). (20.19)
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Proposition 20.20. The representation S = N'W is the irreducible representation
of $0,,+1 C with highest weight

a=3(L; + -+ Ly).

Proor. Exactly as in the even case, each e is an eigenvector with with weight
3 icrLi — Yj¢1L;). This time all such weights are congruent by the Weyl
group, so this must be an irreducible representation, and the highest weight
is clearly (L, + - + L,). O

As we saw in Lecture 19, the construction of this spin representation S
finishes the proof of the existence theorem for representations of so,,C, and
hence for all of the classical complex semisimple Lie algebras.

Exercise 20.21*. Use the above identification of the Clifford algebras with
matrix algebras (or direct calculation) to compute their centers. In particular,
show that the intersection of the center of C with the even subalgebra C***" is
always the one-dimensional space of scalars. Show similarly that if x is in C*4¢
and x-v= —v-xforallvin V, then x = 0.

Exercise 20.22*. For X € s0(Q) and v € V, we have X -v € V by the standard
action of s0(Q) on V. On the other hand, we have identified so(Q) and V as
subspaces of the Clifford algebra C, so we can compute the commutator
[X, v]. Show that these agree:

X v=[X,v]JeVcC
Problem 20.23*. Let C(p, q) be the real Clifford algebra corresponding to the
quadratic form with p positive and g negative eigenvalues. Lemmas 20.9 and
20.16 actually construct isomorphisms of C(n, n) with a real matrix algebra,
and of C(n + 1, n) with a product of two real matrix algebras. Compute C(p, q)

for other p and q. All are products of one or two matrix algebras over R, C,
or H.

§20.2. The Spin Groups Spin,,C and Spin,,R
The Clifford algebra C = C(Q) is generated by the subspace V = C™, and C
has an anti-involution x + x*, determined by

Wy =(=1Dv,-...004

for any vy, ..., v, in V. This operation *, sometimes called the conjugation, is
the composite of:

the main antiautomorphism or reversing map t: C - C determined by
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T(0y...°0,) =0, ...° 0y (20.24)
forv,,...,v,in ¥, and

the main involution o which is the identity on C¢**" and minus the identity
on C°%, ie.,

ay ...o0,)=(—1vy .00, (20.25)

Note that (x- y)* = y*- x*, which comes from the identities 7(x - y) = t(y)" 7(x)
and a(x - y) = a(x)- a(y).

Exercise 20.26. Use the universal property for C to verify that these are well
defined: show that « is a homomorphism from C to C and 7 is a well-defined
homomorphism from C to the opposite algebra of C (the algebra with the
same vector space structure, but with reversed multiplication: x“y = y - x).

Instead of defining the spin group as the set of products of certain elements

of ¥, it will be convenient to start with a more abstract definition. Set
Spin(Q) = {x e C(Q)*™"*™: x-x*=1land x* V-x* c V}. (20.27)
We see from this definition that Spin(Q) forms a closed subgroup of the group

of units in the (even) Clifford algebra. Any x in Spin(Q) determines an endo-
morphism p(x) of V by

p(x)(v)=x-v-x* veV.

Proposition 20.28. For x € Spin(Q), p(x) is in SO(Q). The mapping
p: Spin(Q) - SO(Q)

is a homomorphism, making Spin(Q) a connected two-sheeted covering of SO(Q).
The kernel of p is {1, —1}.

Proor. We will prove something more. Define a larger subgroup, this time of
the multiplicative group of C(Q), by

Pin(Q)={xeC(Q): x-x*=1and x V-x* c V}, (20.29)
and define a homomorphism
p:Pin(Q)> 0(Q), p(x)() = a(x) v-x* (20.30)

where a: C(Q) - C(Q) is the main involution.
To see that p(x) preserves the quadratic form Q, we use the fact that for w
in V,Q(w,w) =w-w= —w-w* and calculate:

Q(p(x)(v), p(x)(v)) = —a(x) v x*- (alx) v~ x*)*

= —a(x) v-x* x-v* ax)*
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= —a(x) v-v*-a(x*)
(v, v)a(x)- o(x*)
= Q(v, v)a(x - x*) = Q(v, v).

We claim next that p is surjective. This follows from the standard fact (see
Exercise 20.32) that the orthogonal group O(Q) is generated by reflections.
Indeed, if R,, is the reflection in the hyperplane perpendicular to a vector w,
normalized so that Q(w, w) = —1, it is easy to see that w is in Pin(Q) and
p(w) = R,; in fact,

wwt=w(-w)=—-0w,w=1,
and so
pW)(W) = a(w)-w-w* = —w-1 = —w;
and if Q(w, v) = 0,
pW)(¥) = a(w) v w* = —w-v-w* = v-w-w* = 0.

The next claim is that the kernel of p on the larger group Pin(Q) is +1.
Suppose x is in the kernel, and write x = x, + X, with xo € C**"and x, € C*%.
Then x4 v = v-x, for allv € ¥, s0 x, is in the center of C. And x, ‘v = —v-x;
for all v € V. By Exercise 20.21, x,isin C- 1, and x, = 0. So x = x, isin C and

2=1;s0x= +1.

It follows that if R € O(Q) is written as a product of reflections R,, o...oR,, ,
then the two elements in p~*(R) are +w, -...- w,. In particular, we get another
description of the spin groups:

Spin(Q) = Pin(Q) n C(Q)***" = p~"(SO(Q))
={tw...owy:w eV, Q(w;, w) = —1}. (20.31)

Since —1 =v-v for any v with Q(v, v) = —1, we see that the spin group
consists of even products of such elements.

To complete the proof, we must check that Spin(Q) is connected or, equiva-
lently, that the two elements in the kernel of p can be connected by a path.
We leave this now as an exercise, since much more will be seen shortly. [

Exercise 20.32*. Let Q be a nondegenerate symmetric bilinear form on a real
or complex vector space V.
(a) Show that if v and w are vectors in V with Q(v, v) = Q(w, w) # 0, then
there is either a reflection or a product of two reflections that takes v into w.
(b) Deduce that every element of the orthogonal group of Q can be written
as the product of at most 2-dim(V’) reflections.

Exercise 20.33*. Since Spin(Q) is a subgroup of the multiplicative group of
C(Q), its Lie algebra is a subalgebra of C(Q) with its usual bracket. Verify that
this subalgebra is the subalgebra so(Q) that was constructed in §20.1.
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Exercise 20.34. The fact that A’W (and A'W’ in the odd case) is an irreducible

module over C(Q) is equivalent to the fact that it is an irreducible represen-

tation of the group Pin(Q) since the linear span of Pin(Q) is dense in C(Q).
(a) Apply the analysis of §5.1 to the subgroup

Spin(Q) = Pin(Q)

of index two. In the odd case, 'W and /AW’ are conjugate representations,
so their restrictions to Spin(Q) are isomorphic and irreducible: this is the spin
representation. In the even case, /AW is self-conjugate, and its restriction to
Spin(Q) is a sum of two conjugate irreducible representations, which are the
two half-spin representations.

(b) Of the representations of Spin(Q) (i.e., the representations of so,,C),
which induce irreducible representations of Pin(Q) and which are restrictions
of irreducible representations of Pin(Q)?

Exercise 20.35. Deduce the irreducibility of the spin and half-spin represen-
tations from the fact that their restrictions to the 2-groups of Exercise 3.9 are
irreducible representations of these finite groups.

Exercise 20.36*. Show that the center of Spin,,(C)is p ™' (1) = { £ 1} if mis odd.
If m is even show that the center is

pT (£ = {£1, o},
where, in terms of our standard basis,

_leye,y —le, ey de,cey, —iey,ce,

3 2

Exercise 20.37*. Show that the spin representation Spin(Q) — GL(S) maps
into the special linear group SL(S). Show that for m = 2n and n even, the
half-spin representations also map into the special linear groups SL(S*) and
SL(S7).

Exercise 20.38*. Construct a nondegenerate bilinear pairing § on the spinor
space S = /A'W by choosing an isomorphism of /A"W with C and letting S(s, t)
be the image of t(s) A t € AW by the projection to \"W = C, where 7 is the
main antiautomorphism).

(a) When m = 2n, show that f can also be defined by the identity (s, t)f =
t(s- f)-t- f for an appropriate generator f of \"W’. Deduce that the action
of Spin(Q) on S respects the bilinear form f.

(b) Show that f is symmetric if n is congruent to 0 or 3 modulo 4, and
skew-symmetric otherwise. So the spin representation is a homomorphism

Spin,,+;C - $O,.C ifn = 0,3 (4),
Spiny,., C = Sp,.C  ifn=1,2(4).
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(c) If m = 2n, the restrictions of S to S* and S~ are zero if n is odd. For n
even, deduce that the half-spin representations are homomorphisms

Spin,,C - SO,.-.C ifn=0(4),
Spin,,C - Sp,..C ifn=2(4).

Note in particular that SpingC has two maps to SOgC in addition to the
original covering. “Triality,” which we discuss in the next section, describes
the relation among these three homomorphisms.

Exercise 20.39. Show that the spin and half-spin representations give the
isomorphisms we have seen before:

Spin,C =~ GL(S*) = GL,C = C*,

Spin, C = SL(S) = SL,C,

Spin,C = SL(S*) x SL(S™) = SL,C x SL,C,
Spin,C = Sp(S) = Sp,C,

SpingC = SL(S*) = SL,C.

Exercise 20.40. Let C,, denote the Clifford algebra of the vector space C™ with
our standard quadratic form Q,,.

(a) Theembeddingof C**=W @ W'inC**' = W@ W’ @ U asindicated
induces an embedding of C,, in C,,.,, and corresponding embedding of
Spin,, C in Spin,,; C and of SO,, C in SO,,,, C. Show that the spin represen-
tation S of Spin,,,, C restricts to the spin representation S* @ S~ of Spin,, C.

(b) Similarly there is an embedding of Spin,,,,C in Spin,,,,C coming
fromanembeddingof C*""' =W W @ UinC*""? =W W @ U, ® U,;

01 .
here U; @ U, = C@® C with the quadratic form ( 1 0), and U=C is

embedded in U; @ U, by sending 1 to ( > Show that each of the

1 1
NG
half-spin representations of Spin,,, ,C restricts to the spin representation of
Spinz,+; C.

Very little of the above discussion needs to be changed to construct the real
spin groups Spin,,(R), which are double coverings of the real orthogonal
groups SO,,(R). One uses the real Clifford algebra Cliff(R™, Q) associated to
the real quadratic form Q = —Q,,, where Q,, is the standard positive definite
quadratic form on R™. If v; are an orthonormal basis, the products in this
Clifford algebra are given by

Ui'Uj=—U~'Ui lfl;é], and vi'ui=—1-

J
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The same definitions can be given as in the complex case, giving rise to
coverings Pin,(R) of O,,(R) and Spin,,(R) of SO, (R).

Exercise 20.41. Show that Spin,, R is connected by showing that if v and w are
any two perpendicular elements in V with Q(v, v) = Q(w, w) = —1, the path

t—(cos(t)v + sin(t)w)- (cos(t)v — sin(t)w), 0 <t < m/2

connects —1 to 1.

Exercise 20.42. Show that i— v, v;, j>v5°v,, kv, - v, determines an iso-
morphism of the quaternions H onto the even part of Cliff(R3, —Q,), such
that conjugation ~ in H corresponds to the conjugation * in the Clifford
algebra. Show that this maps Sp(2) = {q € H|qg = 1} isomorphically onto
Spin; R, and that this isomorphism is compatible with the map to SO;R
defined in Exercise 7.15.

More generally, if Q is a quadratic form on R™ with p positive and g negative
eigenvalues, we get a group Spin*(p, q) in the Clifford algebra C(p, q) =
Cliff(R™, Q), with double coverings

Spin*(p, ) > SO*(p, q).

Exercise 20.43*. Show that Spin*(p, q) is connected if p and g are positive,
except for the case p = g = 1, when it has two components. Show that if in
the definition of spin groups one relaxes the condition x-x* =1 to the
condition x- x* = 41, one gets coverings Spin(p, q) of SO(p, g).

§20.3. SpingC and Triality

When m is even, there is always an outer automorphism of Spin,,(C) that
interchanges the two spin representations S* and S~, while preserving the
basic representation ¥V = C™ (cf. Exercise 19.9). In case m = 8, all three of these
representations V, S*, and S~ are eight dimensional. One basic expression of
triality is the fact that there are automorphisms of SpingC or sogC that
permute these three representations arbitrarily. (In fact, the group of outer
automorphisms modulo inner automorphisms is the symmetric group on
three elements.) We give a brief discussion of this phenomenon in this section,
in the form of an extended exercise.

To see where these automorphisms might come from, consider the four
simple roots:

(11=L1—-L2, a2=L2“L3, a3=L3—‘L4, a4=L3+L4.

Note that a,, a3, and a, are mutually perpendicular, and that each makes an
angle of 120° with a,:
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o3 =Ly-L,

0y = Ly-L,

oy = Ly+L,

Exercise 20.44*. For each of the six permutations of {a,, a3, a4} find the
orthogonal automorphism of the root space which fixes a, and realizes the
permutation of a,, a5, and a,.

Each automorphism of this exercise corresponds to an automorphism of
the Cartan subalgebra b. In the next lecture we will see that such auto-
morphisms can be extended (nonuniquely) to automorphisms of the Lie
algebra sog(C). (For explicit formulas see [Ca2].)

There is also a purely geometric notion of triality. Recall that an even-
dimensional quadric Q can contain linear spaces A of at most half the dimen-
sion of Q, and that there are two families of linear spaces of this maximal
dimension (cf. [G-H], [Ha]). In case Q is six-dimensional, each of these
families can themselves be realized as six-dimensional quadrics, which we may
denote by Q* and Q™ (see below). Moreover, there are correspondences that
assign to a point of any one of these quadrics a 3-plane in each of the others:

PointinQ ——— 3-planein Q*
3-plane in Q™ Point in Q™ (20.45)
Point in Q* ——— 3-plane in Q

Given P € Q, {A € Q*: A contains P} is a 3-plane in Q*, and {Ae Q™: A
contains P} is a 3-plane in Q™.

Given A € Q*, Aitself is a 3-plane in Q, and {I" e Q™: ' n A is a 2-plane}
isa 3-planein Q.

Given A € Q7, A itself is a 3-plane in Q, and {I" e Q*: ' n A is a 2-plane}
is a 3-plane in Q*.

To relate these two notions of triality, take Q to be our standard quadric
in P” = P(V), with V = W@® W’ with our usual quadratic space, and let
S* = A""W and S~ = A\°“W be the two spin representations. In Exercise
20.38 we constructed quadratic forms on S* and S, by choosing an iso-
morphism of A*W with C. This gives us two quadrics Q* and Q™ in P(S*)
and P(S7).

To identify Q* and Q~ with the families of 3-planes in Q, recall the action
of Von §=AW =S" @S~ which gave rise to the isomorphism of the
Clifford algebra with End(S) (cf. Lemma 20.9). This in fact maps S* to S~
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and S™ to S*; so we have bilinear maps

VxS8*"=>S8 and VxS »S*. (20.46)

Exercise 20.47. Show that for each point in Q*, represented by a vector s € S*,
{ve V:v-s = 0}is anisotropic 4-plane in ¥, and hence determines a projective
3-plane in Q. Similarly, each point in Q- determines a 3-plane in Q. Show that
every 3-plane in Q arises uniquely in one of these ways.

Let ( , )y denote the symmetric form corresponding to the quadratic
form in ¥, and similarly for S* and S™. Define a product

St xS >V, S X tH>s-t, (20.48)
by requiring that {v, s-t), = {v's,t)s- forallve V.

Exercise 20.49. Use this product, together with those in (20.46), to show that
the other four arrows in the hexagon (20.45) for geometric triality can be
described as in the preceding exercise.

This leads to an algebraic version of triality, which we sketch following
[Ch2]. The above products determine a commutative but nonassociative
product on the direct sum A = V@ S* @ S~. The operation

(0, s, )= v-s, t)s

determines a cubic form on A, which by polarization determines a symmetric
trilinear form @ on A.

Exercise 20.50*. One can construct an automorphism J of 4 of order three
that sends V to S*, S* to ™, and S~ to V, preserving their quadratic forms,
and compatible with the cubic form. The definition of J depends on the
choice of an element v, € ¥ and s, € S* with {v,, v, ) = {51, 51 )5+ = 1; set
t, =v,-$;, so that {t;,t,)s- =1 as well. The map J is defined to be the
composite pov of two involutions u and v, which are determined by the
following:

(i) winterchanges S* and S, and maps V to itself, with u(s) = v, -sfors e S*;
H() = 2{v, vy v, —vforve V.

(i) v interchanges V and S™, maps S* to itself, with v(v) = v-s, for ve V;
v(s) = 2{s, s, )s+5; —sforse S™.

Show that this J satisfies the asserted properties.
Exercise 20.51*. In this algebraic form, triality can be expressed by the asser-

tion that there is an automorphism j of SpingC of order 3 compatible with J,
i.e., such that for all x € SpingC, the following diagrams commute:
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y 21,5 L5 L,y

Jp(X) ‘p*(i(x» lp'(i’(x)) lp(x)
+ N - 3

| 4 T S - S 7 | 4

If j': s04C — s04C is the map induced by j, the fact that j is compatible
with the trilinear form ® (cf. Exercise 20.49) translates to the “local triality”
equation

D(Xv,s, t) + O(v, Ys, t) + (v, 5, Zt) =0
for X e s04C, Y = j'(X), Z = j'(Y).



PART IV
LIE THEORY

The purpose of this final part of the book is threefold.

First of all, we want to complete the program stated in the introduction to
Part II. We have completed the first two steps of this program, showing in
Part IT how the analysis of representations of Lie groups could be reduced to
the study of representations of complex Lie algebras, of which the most
important are the semisimple; and carrying out in Part III such an analysis
for the classical Lie algebras sl,C, sp,,C, and so,,C. To finish the story, we
want now to translate our answers back into the terms of the original problem.
In particular, we want to deal with representations of Lie groups as well as
Lie algebras, and real groups and algebras as well as complex. The passage
back to groups is described in Lecture 21, and the analysis of the real case in
Lecture 26.

Another goal of this Part is to establish a framework for some of the results
of the preceding lectures—to describe the general theory of semisimple Lie
algebras and Lie groups. The key point here is the introduction of the Dynkin
diagram and its use in classifying all semisimple Lie algebras over C. From
one point of view, the impact of the classification theorem is not great: it just
tells us that we have in fact already analyzed all but five of the simple Lie
algebras in existence. Beyond that, however, it provides a picture and a
language for the description of the general Lie algebra. This both yields a
description of the five remaining simple Lie algebras and allows us to give
uniform descriptions of associated objects: for example, the compact homo-
geneous spaces associated to simple Lie groups, or the characters of their
representations. The classification theory of semisimple Lie algebras is given
in Lecture 21; the description in these terms of their representations and
characters is given in Lecture 23. The five exceptional simple Lie algebras,
whose existence is revealed from the Dynkin diagrams, are studied in Lecture
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22; we give a fairly detailed account of one of them (g,), with only brief
descriptions of the others.

Third, all this general theory makes it possible to answer the main out-
standing problem left over from Part III: a description of the multiplicities of
the weights in the irreducible representations of the simple Lie algebras. We
give in Lectures 24 and 25 a number of formulas for these multiplicities.

This, it should be said, represents in some ways a shift in style. In the
previous lectures we would typically analyze special cases first and deduce
general patterns from these cases; here, for example, the Weyl character
formula is stated and proved in general, then specialized to the various
individual cases (this is the approach more often taken in the literature on the
subject). In some ways, this is a fourth goal of Part IV: to provide a bridge
between the naive exploration of Lie theory undertaken in Parts II and III,
and the more general theory readers will find elsewhere when they pursue the
subject further.

Finally, we should repeat here the disclaimer made in the Preface. This
part of the book, to the extent that it is successful, will introduce the reader
to the rich and varied world of Lie theory; but it certainly undertakes no
serious exploration of that world. We do not, for example, touch on such
basic constructions as the universal enveloping algebra, Verma modules, Tits
buildings; and we do not even hint at the fascinating subject of (infinite-
dimensional) unitary representations. The reader is encouraged to sample
these and other topics, as well as those included here, according to background
and interest.



LECTURE 21

The Classification of Complex Simple
Lie Algebras

In the first section of this lecture we introduce the Dynkin diagram associated to a
semisimple Lie algebra g. This is an amazingly efficient way of conveying the structure
of g: it is a simple diagram that not only determines g up to isomorphism in theory,
but in practice exhibits many of the properties of g. The main use of Dynkin diagrams
in this lecture, however, will be to provide a framework for the basic classification
theorem, which says that with exactly five exceptions the Lie algebras discussed so far
in these lectures are all the simple Lie algebras. To do this, in §21.2 we show how to
list all diagrams that arise from semisimple Lie algebras. In §21.3 we show how to
recover such a Lie algebra from the data of its diagram, completing the proof of the
classification theorem. All three sections are completely elementary, though §21.3 gets
a little complicated; it may be useful to read it in conjunction with §22.1, where the
process described is carried out in detail for the exceptional algebra g,. (Note that
neither §21.3 or §22.1 is a prerequisite for §22.3, where another description of g, will
be given.)

§21.1: Dynkin diagrams associated to semisimple Lie algebras
§21.2: Classifying Dynkin diagrams
§21.2: Recovering a Lie algebra from its Dynkin diagram

§21.1. Dynkin Diagrams Associated to Semisimple
Lie Algebras

For the following, we will let g be a semisimple Lie algebra; as usual, a Cartan
subalgebra b of g will be fixed throughout. As we have seen, the roots R of g
span a real subspace of h* on which the Killing form is positive definite. We
denote this Euclidean space here by E, and the Killing form on E simply by
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( , )instead of B( , ). The geometry of how R sits in E is very rigid, as indicated
by the pictures we have seen for the classical Lie algebras. In this section we
will classify the possible configurations, up to rotation and multiplication by
a positive scalar in E. In the next section we will see that this geometry
completely determines the Lie algebra.

The following four properties of the root system are all that are needed:

(1) R is a finite set spanning E.

(2) o€ R=—a € R, but k-a is not in R if k is any real number other than + 1.
(3) For a € R, the reflection W, in the hyperplane o* maps R to itself.

(4) For a, B € R, the real number

_,69

Na, =
2™ " ()

is an integer.

Except perhaps for the second part of (2), these properties have been seen
in Lecture 14. For example, (4) is Corollary 14.29. Note that ny, = f(H,), and

W (B) = B — ng,. 2L1)

For (2), consider the representation i = (P gy, of the Lie algebra s, = sI,C.
Note that all the nonzero factors but § = g, are one dimensional. We may
assume o is the smallest nonzero root that appears in the string. Now,
decompose i as an s,-module:

i=s, @1

By the hypothesis that a is the smallest nonzero root that appears in the string,
i’ is a representation of s, having no eigenspace with eigenvalue 1 or 2 for H,.
It follows that i’ must be trivial, i.e., g,, = (0) for k # 0 or +1.

Any set R of elements in a Euclidean space E satisfying conditions (1) to (4)
may be called an (abstract) root system.

Property (4) puts very strong restrictions on the geometry of the roots. If
3§ is the angle between « and f, we have

Ngy = 2 cos(&)w. (21.2)
fleell
In particular,
Nugng, = 4 cos*(9) (21.3)

is an integer between 0 and 4. The case when this integer is 4 occurs when
cos(¥) = +1,ie. f = +a. Omitting this trivial case, the only possibilities are
therefore those given in the following table. Here we have ordered the two

roots so that ||f|| > [lall, or |ng,| > |n,l.
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Table 21.4

cos(® 32 S22 12 0 -2 =22 -3
9 n/6 w4 w3 w2 2m3 3n/4 51/6
Mga 3 2 1 0 -1 -2 -3
Mo 1 1 1 0 -1 -1 -1

N N T N BN

In other words, the relation of any two roots « and f is one of

2n/3 In/4 51/6
/2

The dimension n = dimzE = dimc} is called the rank (of the Lie algebra,
or the root system). It is easy to find all those of smallest ranks. As we write
them down, we will label them by the labels (A,), (B,), ... that have become
standard.

Rank 1. The only possibility is
(A)) ——p

which is the root system of s, C.

Rank 2. Note first that by Property (3), the angle between two roots must be
the same for any pair of adjacent roots in a two-dimensional root system. As
we will see, any of the four angles n/2, n/3, n/4, and 7/6 can occur; once this
angle is specified the relative lengths of the roots are determined by Property
(4), except in the case of right angles. Thus, up to scalars there are exactly four
root systems of dimension two. First we have the case 9 = /2,

(Al x Al)

which is the root system of sI,C x sl,C = so,C.
(In general, the orthogonal direct sum of two root systems is a root system;
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a root system that is not such a sum is called irreducible. Our task will be
to classify all irreducible root systems.)
The other root systems of rank 2 are

(Az)

the root system of sl;C;

(B,)

the root system of sosC = sp,C; and

(Gy)

Although we have not yet seen a Lie algebra with this root system, we will see
that there is one.

Exercise 21.5. Show that these are all the root systems of rank 2.

Exercise 21.6. Show that a semisimple Lie algebra is simple if and only if its
root system is irreducible.

Rank 3. Besides the direct sums of (A,) with one of those of rank 2, we have
the irreducible root systems we have seen; we draw only dots at the ends of
the vectors, the origins being in the centers of the reference cubes:
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(Ay)

A )
|
B JEAES IR
o7 Slle
(B3) ] ‘|. """ n ‘.
/L;};——y————
» o
7~
°

the root system of so,C;

(C3)

the root system of sp¢C.

Exercise 21.7. Show that there are no other root systems of rank 3.

We can further reduce the data of a root system by introducing a subset of
the roots, called the simple roots. First, choose as in Lecture 14 a direction



324 21. The Classification of Complex Simple Lie Algebras

I: E—> R, so that R = R* UR" is a disjoint union of positive and negative
roots. Call a positive root simple if it is not the sum of two other positive roots.
For the classical Lie algebras, keeping the notations and conventions of
Lectures 15-20, the simple roots are

A) sl C Ly — Ly L, —Ls, ..., Lyy = Lpy Ly = Lpsy,
(B,) $0,,41C L,-L,L,-L,,....,L,,—L,L,

(C,) sp,,C L,—-L,L,-L,,...,L,_,—L,2L,

D,) $0,,C L,— L, Ly,—Ls,...,L,-y — Ly, L,y + L,.

Exercise 21.8. Verify this list, and find two simple roots for (G,).

We next deduce a few consequences of properties (1)—(4), which indicate
how strong these axioms are. They will be used in the present classification of
abstract systems, as well as in the following section.

(5) If a, B are roots with B # +a, then the a-string through B, i.e., the roots of
the form

ﬂ'—pa’ﬂ_(p— l)a,...,ﬂ—a,ﬂ,ﬂ+a,ﬂ+2a,...,ﬂ+qa
has at most four in a string, i.e. p + q < 3; in addition, p — q = ng,.
Indeed, since W, (B + qo) = f — pa, and
W (B + qa) = (B — ng,) — qa,,

we must have p = ng, + g, which is the second equality. For the first, we may
take p = 0, and then g = —n,,, which we have seen is an integer no larger
than three. As a consequence of (5) we have

(6) Suppose a, B are roots with § # +o. Then

(B, ) > 0=>a — Bisaroot;
(B,a) <0=0 + Bisaroot.

If (B, ®) =0, then « — B and a + B are simultaneously roots or nonroots.
(7) If a and B are distinct simple roots, then o. — f and B — o are not roots.

This follows from the definition of simple, since from the equation
o=+ (—p), «a— B cannot be in R*, and similarly —(x — f) =B — «
cannot be in R*. From (6) and (7) we deduce that («, ) <0, i.e.,

(8) The angle between two distinct simple roots cannot be acute.
(9) The simple roots are linearly independent.

This follows from (8) by

Exercise 21.9*. If a set of vectors lies on one side of a hyperplane, with all
mutual angles at least 90°, show that they must be linearly independent.
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(10) There are precisely n simple roots. Each positive root can be written
uniquely as a non-negative integral linear combination of simple roots.

Since R spans E, the first statement follows from (9), as does the uniqueness
of the second statement. The fact that any positive root can be written as a
positive sum of simple roots follows readily from the definition, for if « were a
positive root with minimal I/(«) that could not be so written, then « is not
simple, so a = f + 7, with § and y positive roots with I(B), I(y) < I(a).

Note that as an immediate corollary of (10) it follows that no root is a linear
combination of the simple roots a; with coefficients of mixed sign. For example,
(7) is just a special case of this.

The Dynkin diagram of the root system is drawn by drawing one node O
for each simple root and joining two nodes by a number of lines depending
on the angle $ between them:

no lines O (@) if 9 = w2

one line o—-0 if 9 = 2w3

two lines oio if 9 = 34
three lines o$3 if 9 = Sw6 .

When there is one line, the roots have the same length; if two or three lines,
an arrow is drawn pointing from the longer to the shorter root.

Exercise 21.10. Show that a root system is irreducible if and only if its Dynkin
diagram is connected.

We will see later that the Dynkin diagram of a root system is independent
of the choice of direction, i.e., of the decomposition of R into R* and R™.

§21.2. Classifying Dynkin Diagrams

The wonderful thing about Dynkin diagrams is that from this very simple
picture one can reconstruct the entire Lie algebra from which it came. We will
see this in the following section; for now, we ask the complementary question
of which diagrams arise from Lie algebras. Our goal is the following classifica-
tion theorem, which is a result in pure Euclidean geometry. (The subscripts
on the labels (A,), ... are the number of nodes.)

Theorem 21.11. The Dynkin diagrams of irreducible root systems are precisely:
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(A)

n

(B,)

(C,)

(Dp,)

(Eg)

(E,)

(Eg)

(F,)

(Gy)

21. The Classification of Complex Simple Lie Algebras

o—0— .... —0—0 (n21)

o_—o——-—o:>:o (n22)
o—o0—.... —aX0 (n23)

o—O0—— . ... — (n24)

O—a>0—o0
==0

The first four are those belonging to the classical series we have been

studying:

A,) sl C
(Bn) 502n+1 C
(C))  sp2,C
(D,)  s0,,C

The restrictions on n in these series are to avoid repeats, as well as degenerate
cases. Indeed, the diagrams can be used to recall all the coincidences we have

seen:

When n = 1, all four of the diagrams become one node. The case (D,) is
degenerate, since so, C is not semisimple, while the coincidences (C;) = (B;) =
(A,) correspond to the isomorphisms

sp,C x s0,C = sl,C 0.
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Forn =2, (D,) = (A;) x (A,) consists of two disjoint nodes, correspond-
ing to the isomorphism

s0,C = sl,C x s[,C O O.

The coincidence (C,) = (B,) corresponds to the isomorphism

5p,C = s0,C OO = O:;ZO\

For n = 3, the fact that (D;) = (A,) reflects the isomorphism

504C = sl,C o< = 0—0—O0 .

ProoF oF THE THEOREM. Our desert-island reader would find this a pleasant
pastime. For example, if there are two simple roots with angle 57/6, the plane
of these roots must contain the G, configuration of 12 roots. It is not hard to
see that one cannot add another root that is not perpendicular to this plane,
without some of the 12 angles and lengths being wrong. This shows that (G,)
is the only connected diagram containing a triple line. At the risk of spoiling
your fun, we give the general proof of a slightly stronger result.

In fact, the angles alone determine the possible diagrams. Such diagrams,
without the arrows to indicate relative lengths, are often called Coxeter
diagrams (or Coxeter graphs). Define a diagram of n nodes, with each pair
connected by 0, 1, 2, or 3 lines, to be admissible if there are n independent unit
vectorse;, ..., e, in a Euclidean space E with the angle between e; and ¢; being
n/2,2m/3, 3n/4, or 57/6, according as the number of lines between correspond-
ing nodes is 0, 1, 2, or 3. The claim is that the diagrams of the above Dynkin
diagrams, ignoring the arrows, are the only connected admissible diagrams.
Note that

(e e) =0, —1/2, —/2/2, 0r —/3/2, (21.12)
according as the number of lines between them is 0, 1, 2, or 3; equivalently,
4(e;, ¢;)* = number of lines between ¢; and e;. (21.13)
The steps of the proof are as follows:

(i) Any subdiagram of an admissible diagram, obtained by removing some
nodes and all lines to them, will also be admissible.

(i) There are at most n — 1 pairs of nodes that are connected by lines. The
diagram has no cycles (loops).

Indeed, if ¢; and ¢; are connected, 2(e;, ¢)) < —1, and

0< (z €, Z ei) =n+2 Z (ei’ ej)’

i<j

which proves the first statement of (ii). The second follows from the first and (i).
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(ili) No node has more than three lines to it.

By (i), we may assume that e, is connected to each of the other nodes; by
(i), no other nodes are connected to each other. We must show that
Y"_,4(ey, ¢;)* < 4. Since e, ..., e, are perpendicular unit vectors, and e, is
not in their span,

1=(ey,e)*> zz (e;, €)%
=

as required.

(iv) In an admissible diagram, any string of nodes connected to each other
by one line, with none but the ends of the string connected to any other nodes,
can be collapsed to one node, and resulting diagram remains admissible:

If e, ..., e, are the unit vectors corresponding to the string of nodes, then
e’ =e,; + - + e, is a unit vector, since

(el’ e,) =r+ 2((61, 82) + (ez, 83) + -t (er-l’ er))
=r—(r-1).

Moreover, e’ satisfies the same conditions with respect to the other vectors
since (¢, ¢;) is either (e, ¢;) or (e,, ¢)).

Now we can rule out the other admissible connected diagrams not on our
list. First, from (iii) we see that the diagram (G, ) has the only triple edge. Next,
there cannot be two double lines, or we could find a subdiagram of the form:

and then collapse the middle to get O—O——0, contradicting (iii). Similarly
there can be at most one triple node, i.e., a node with single lines to three other

nodes, by



§21.2. Classifying Dynkin Diagrams 329

By the same reasoning, there cannot be a triple node together with a double

line:

To finish the case with double lines, we must simply verify that

oO—C—0O—0—™—>

€, €, €4 €y €5

is not admissible. Consider general vectors v = a e, + a,e,, and w = ase; +
ase, + ases. We have

ol = af + a% — a,4a, ||W||2 = a% + ai + a§ — Q304 — G405,

and (v,w) = —a2a3/ﬁ. We want to choose v and w to contradict the
Cauchy —Schwarz inequality (v, w)?> < ||lv]|?||w||2. For this we want |a,|/|v]|
and |a,|/||w| to be as large as possible.

Exercise 21.14. Show that these maxima are achieved by taking a, = 24, and
as = 3(15, a4 = 205.
In fact, v = e, + 2e,, w = 3e; + 2e, + e5 do give the contradictory
(,w)?=18, |v|>=3, and |w|*>=6.

Finally, we must show that the strings coming out from a triple node cannot
be longer that those specified in types (D,), (E¢), (E4), or (Eg). First, we rule out

Consider the three perpendicular unit vectors:

u=Q2e;+e3)\/3, v=Qes+e5) /3 w=(es+e) /3

Then as in (iii), since e, is not in the span of them,
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1= ||‘31||2 > (ey, u)2 + (ey, U)2 + (ey, W)2 =13+13+13=1,

a contradiction.

Exercise 21.15*, Similarly, rule out

e e, e, e, g €9 s
and
€2
O—O——i—c O—=C O O
84 83 el 85 e6 €7 eg 69

(The last few arguments can be amalgamated, by showing that if the legs from
a triple node have lengths p, ¢, and r, then 1/p + 1/q + 1/r must be greater
than 1))

This finishes the proof of the theorem. O

§21.3. Recovering a Lie Algebra from Its
Dynkin Diagram

In this section we will complete the classification theorem for simple Lie
algebras by showing how one may recover a simple Lie algebra from the data
of its Dynkin diagram. This will proceed in two stages: first, we will see how
to reconstruct a root system from its Dynkin diagram (which a priori only
tells us the configuration of the simple roots). Secondly, we will show how
to describe the entire Lie algebra in terms of its root system. (In the next
lecture we will do all this explicitly, by hand, and independently of the general
discussion here, for the simplest exceptional case (G,); as we have noted, the
reader may find it useful to work through §22.1 before or while reading the
general story described here.)

To begin with, to recover the root system from the Dynkin diagram, let «,
..., o, be the simple roots corresponding to the nodes of a connected Dynkin
diagram. We must show which non-negative integral linear combinations
Y mya; are roots. Call . m; the level of Y. m;«;. Those of level one are the simple
roots. For level two, we see from Property (2) that no 2a; is a root, and by
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Property (6) that a; + «; is a root precisely when (x;, @;) < 0, i.c., when the
corresponding nodes are joined by a line.

Suppose we know all positive roots of level at most m, and let B = Y m,
be any positive root of level m. We next determine for each simple root « = «;,
whether f + « is also a root. Look at the a-string through f:

B—po....B ..., B+ qo.

We know p by induction (no root is a linear combination of the simple roots
a; with coefficients of mixed sign, so p < m; and f — pa is a positive root). By
Property (5), g = p — ng,. So B + a is a root exactly when

Ba) &
p>ng =2 o = i; MmNy,

In effect, the additional roots we will find in this way are those obtained by
reflecting a known positive root in the hyperplane perpendicular to a simple
root «; (and filling in the string if necessary).

To finish the proof, we must show that we get all the positive roots in this
way. This will follow once from the fact that any positive root of level m + 1
can be written in at least one way as a sum of a positive root of level m and
a simple root. If y = Y r;¢; has level m + 1, from

0<(7) = r o),

some (y, o;) must be positive, with r; > 0. By property (6), y — «; is a root, as
required.

By way of example, consider the rank 2 root systems. In the case of sl;C, we
start with a pair of simple roots a;,x with n,, o, = —1, i.e., at an angle of
27r/3; as always, we know that § = oy + a is a root as well.

a; B=o+a,

..

On the other hand, since f — 2a; = a, — a, is not a root, f + a, cannot be
either, and likewise f + a, is not; so we have all the positive roots.

In the case of sp,C, we have two simple roots «, and a, at an angle of 3n/4;
in terms of an orthonormal basis L, and L, these may be taken to be L, and
L, — L,, respectively.

Oy a1+a2 2a1+a2

v

o
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We then see that in addition to f = a; + a,, the sum f + a; =20, + @, isa
root—it is just the reflection of a, in the plane perpendicular to a;—but
B + a, = a; + 20, and 3«; + a, are not because «; — «, and a, — ®, are not
respectively (alternatively, we could note that they would form inadmissible
angles with a; and a, respectively).

Finally, in the case of (G,), we have two simple roots a,, a, at an angle of
5m/6, which in terms of an orthonormal basis for E may be taken to be L, and

(-3L, + \/§L2)/2 respectively.

2az+ 3(11
A

a,+a at+ 20
a, 2 1 2 1 0yt 30y

1

Reflecting a, in the plane perpendicular to «, yields a string of roots a, + «;,
o, + 2a; and a, + 3a,. Moreover, reflecting the last of these in the plane
perpendicular to a, yields one more root, 2a, + 3a,. Finally, these are all the
positive roots, giving us the root system for the diagram (G,).

We state here the results of applying this process to the exceptional
diagrams (F,), (E¢), (E,), and (Eg) (in addition to (G,)). In each case, L,, ...,
L, is an orthogonal basis for E, the simple roots «; can be taken to be as follows,
and the corresponding root systems are given:

3 3
(G,) W=l wm= L VL
2 2
3 3 3
R+ = {Ll"\/ng’ iLl + %LZ’ i_Ll +%L2}.
(G,) thus has 6 positive roots.
(Fa) @y =L, — Ls, a; = L3 — Ly, a3 = Ly,
L,—-L,—-Ly—L,
(14 = 2 ;

L, +L,+L,+L
R+={L,—}u{Li+L,-}K,-U{Li—Lj}Kju{ 1= 25 3= ‘}.

In particular, (F,) has 24 positive roots.

Li—L,—Ly—Ly—Ls+ /3L
2 b

(Es) o= ay =Ly + L,,
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a3 =L, — Ly, a4 =Ly — Ly,

o5 =Ls — L, o =Ls — Lyg;

R* ={Li + Li}i<jes U {Li — L}jcics
U{iLliinLsiL4iL5+V@u

2 }numbcr of minus signs even

(E¢) has 36 positive roots.

L,—L,—-—L¢+ /2L
(E;) a4y = ! 2 2 o \/_7, a,=L; + L,,

a3=L2—L1, a4=L3_L2, a5=L4—L3,
ag = Ls — Ly, a7 = Lg — Ls;
R* ={L;+ Lj};<jc6 V{Li — Li}j<i<6 Y {ﬁlq}
U{iLliL2i~-iL6+vﬁL7

2 }number of minus signs odd

Thus, (E,) has 63 positive roots.

Ly—Ly——L,+L
(Eg) oy =" 2 3 L 8 a =Ly + Ly,

(X3=L2—L1, (14=L3——L2, a5=L4_L3,
ae = Ls — Ly, @y = Lg — Ls, ag = L, — L.
R ={Li+ Li}icj<s V{Li — Li}j<i<s

{iLliin---i—L7+L8
” 2

}numbcr of minus signs even

(Eg) has 120 positive roots.
For (G,) and (F,) the simple roots are listed in order reading from left to
right in their Dynkin diagrams

=  o—aryo—o0

oy L) 3! 0, Q3 Oy

as in the classical series (A,)—(D,). For (Eg), the numbering is
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while those for (E,) and (Eg) are obtained by removing the last one or two
nodes. Note that, given the root system of (Eg), we can find the root system
of (E,) or (E¢) by taking the subspace spanned by the first seven or six simple
roots.

Exercise 21.16*. (a) Verify the above lists of roots.
(b) In each case, calculate the corresponding fundamental weights.

Exercise 21.17*. Show that no two of the root systems of (A,)-(Eg) are
isomorphic, and deduce that the Dynkin diagram of a root system is indepen-
dent of choice of positive roots.

A more satisfying reason for the last fact is the observation that any two
choices of positive roots differ by an element of the Weyl group—the group
generated by reflections W, in the simple roots. This can be seen directly for
each of the diagrams (A,)—(Es); for a general proof that two choices differ by
an element of the Weyl group, see Proposition D.29.

We should mention here another way of conveying the data of a Dynkin
diagram. This is simply the n x n matrix of integers (n; ; = n,,,), where we
take n; ; = 2; it is called the Cartan matrix of the Dynkin diagram (or of the
Lie algebra). Thus, for example, the Cartan matrix of (A,) is

(2 -1 0 0)
-1 2 -1 0 0
0 -1 2 -1 0
0 o0 -1 2 -1

L 0 o0 -1 2]

These matrices pop up remarkably often, in a variety of seemingly unrelated
areas of mathematics. They will not play a major role in the present text, but
the reader has probably encountered them already in one form or another,
and will probably do so again.

Exercise 21.18*. Compute the Cartan matrix, and its determinant, for each
Dynkin diagram.

The next task is to see how the root system determines the Lie algebra. We
concentrate on the uniqueness, since there are other ways to see the existence;
indeed, for all but the five exceptions we have already seen the Lie algebras.
We will describe several approaches to this problem, starting with a straight-
forward and computational method and finishing with a slick but abstract
approach.



§21.3. Recovering a Lie Algebra from Its Dynkin Diagram 335

Assume as before that g is a simple Lie algebra, with a chosen Cartan
subalgebra b and decomposition of the roots R into positive and negative
roots; let a,, ..., a, be the simple roots. The Dynkin diagram information is
the knowledge of (x;, ;) for all i # j. Let H; = H,_ be the corresponding basis
of b, defined by the rule we have seen in Lecture 14: if {T;} is the basis
corresponding via the Killing form to {«;}, set H; = 2T;/(«;, ;).

Choose any nonzero element X; in the root space g,,, for 1 <i < n. This
determines elements Y;ing_, such that [X;, Y;] = H;. We claim first that these
3n elements {H;, X;, Y;} generate g as a Lie algebra. This follows from

Claim 21.19. If «, B, and a + B are roots, then [8,, 851 = 844p-

PROOF. Again look at the a-string through g, i€, @ye z9p+ke- This is an
irreducible representation of s, = sl,C, since all the terms are one dimensional
(this follows from the fact that no B + ka can be zero, given that  # +a). But
now if [g,, 51 =0, <o 85+ Would be a nontrivial subrepresentation. []

For each positive root B, we have seen that can write § as a sum of simple
roots f =a; + ‘- + «; such that each of the sums o; + ‘- + o; is a root,
1 < s < r. If we choose such a presentation for each §, and set

Xﬂ = [Xi,.’ [Xi,_,a cees [Xip Xi,] ]]

and
Y, =[Y,[Y ,....[Y, Y,]1...1]
then the collection
{H,1<i<n X Y; feR"} (21.20)

forms a basis for g. Note that if § is not simple, there is no reason to expect
[ X5, Y] to be the distinguished element Hg in b.

We want to show that the multiplication table for these basis elements is
completely determined by the Dynkin diagram. The main difficulty is that the
ordering of the simple roots in the above expression for f may not be unique.
For example, suppose

B=(a; +ay) + a3 = (a; + a3) + y,

with a; + a, and a, + a; roots. We must compare [X;, [X,, X;]] with
[X,, [X3, X,]]. In fact, they must be negatives of each other. For, by Jacobi,
we have

(X1, [X5, X511 = —[X5, [X;, X111 — [X, [X, X311 = —[X5, [X2, X410

noting that [X,, X,] = 0 since a; + a; cannot be a root, e.g., by step (ii) of
the preceding section.
For any sequence I = (i, ..., ), 1 <i; <n,set
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“1 = ail + cee + ai,’
X =[X,,[X; ,,....[ X, X;,]...7],

YI = [Yi,’ [Yi,_" SRR} [Yiza Y;,] ]]

Call I admissible if each partial sum a; + --* + o; is a root, 1 < s <r; note
that I is admissible exactly when X is not zero.

Lemma 21.21. If I and J are two admissible sequences for which a; = a;, then
there is a nonzero rational number q determined by 1, J, and the Dynkin diagram,
such that X; = q- X|.

PROOF. Let k = i, be the last entry in I. If j, = k as well, the result follows by
induction on r. We reduce the general case to this case, by maneuvering to
replace j, by k. We have first

XJ =4y [Xk’ [Yk, XJ]]:

with g, a nonzero rational number depending only on J, k, and the Dynkin
diagram, since a; — o, = a; — &, is a root; the point is that we know how
s, = sl, acts on the a,-string through «, as soon as we know the length of the
string, and this is Dynkin diagram information. Next, let s be the largest
integer such that j; = k. Then

[Y;n XI] = [X‘,’ vee [Xj'“’ [Y;n [Xk) XK]]] "']5
where K = (ji,. .., js-1), since [ Y, [X;, Z]] = [X;, [ Yk, Z]] when i #k. Finally,

LY, [Xi, Xk1] = g5 X

with g, a nonzero rational number depending only on K, k, and the Dynkin
diagram, since ag + o, is a root. Combining these three equations, we get

X;=q,q, [X,, [X;,...[X,,, Xx]...]],

which suffices since the sequence for the term on the right ends in the same
integer k as I. O

Proposition 21.22. The bracket of any two basis elements in (21.20) is a rational
multiple of another basis element, that multiple determined from the Dynkin
diagram.

ProoF. This is clear for brackets of an H; with any basis element. Lemma 21.21
handles brackets of the form [X;, X,], and those involving only Y’s are
similar. For brackets [Y;, X,], it suffices inductively to compute [, X,] as
a rational multiple of some Xy, with K shorter than J (or of H, if J has one
term); but this was worked out in the proof of the lemma. d

Exercise 21.23*, (i) Show that in (G,) each positive root can be written in only
one way as a sum of simple roots, up to the order of the first two roots.
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(i) Work out the multiplication table from the Dynkin diagram. (iii) Verify
that the result is indeed a Lie algebra, which is (visibly) simple.

This exercise will be worked out in detail to start the next lecture. Of course,
there is nothing but lack of time to keep us from verifying that the other four
exceptional Dynkin diagrams do lead, by the same prescription, to honest Lie
algebras, but doing it by hand gets pretty laborious, and we will describe some
of the other methods available.

The fact that the multiplication table can be defined with rational coeffi-
cients becomes important when one wants to reduce them modulo prime
numbers, which we will not discuss here. The fact that they can be taken to
be real, on the other hand, will come up later, when we discuss real forms of
complex Lie algebras and groups.

There is a more general and elegant way to proceed, given by Serre [Se3].
Write ny; in place of n,, . Form the free Lie algebra on generators

Hy,...H,X\,...X,., Y;,..., Y.,

i, form the free (tensor) algebra with this basis, and divide modulo by the
relations [ 4, B] + [B, A] = 0 and the Jacobi relation. Then take this free Lie
algebra, and divide by the relations

[H, H;]=0(lli,j)  [X, Y]=H@lli) [X,Y]=00#))
[Hi’ Xj] = njin (all I, ]); [Hi’ Y;] = _nji);' (all i, .])’
and, for all i # j,

[X;, X1=0, [Y,%]=0 if ny = 0;

[X, [X, X11=0, [%[Y% %11=0 ifny = —1;

[X, [X,, [X, X,111=0,  [Y,[Y,[Y, ¥1]]=0 ifny= —2;

[X, [X,, [X,, [X, X111 =0,  [% [Y,[Y,[% %1111=0 ifn;=—3.

Exercise 21.24. Verify that if one starts with a semisimple Lie algebra with a
given Dynkin diagram, the above equations must hold.

Serre shows ([Se3, Chap. VI App.], cf. [Hul §18]) that the resulting Lie
algebrais a finite-dimensional semisimple Lie algebra, with Cartan subalgebra
generated by H,, ..., H, and given root system. In particular, this includes a
proof of the existence of all the simple Lie algebras.

Here is a third approach to uniqueness. Suppose g and g’, with given Cartan
subalgebras b and Iy, and choice of positive roots, have isomorphic root
systems. There is an isomorphism b — ly, taking corresponding H; to H;.
Choose arbitrarily nonzero vectors X; and X in the root spaces of g and g’
corresponding to the simple roots.
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Claim 21.25. There is a unique isomorphism from g to g' extending the iso-
morphism of Yy with Yy, and mapping X; to X; for all i.

ProoF. The uniqueness of the isomorphism is easy: the resulting map is
determined on the Y; by sl, considerations, and the H;, X;, and Y, generate g.
For the existence of the isomorphism consider the subalgebra § of g® ¢’
generated by H,= H,®H,, X;,= X,® X}, and Y, = Y,® Y;. It suffices to
prove that the two projections from § to g and g’ are isomorphisms. The kernel
of the second projection is T @ 0, where { is an ideal in g. Since g is simple, {
is either 0, as required, or I = g. In the latter case, we musthave§ =g ® g'.
To see that this is impossible, consider a maximal positive root p,
take nonzero vectors Xg, Xj in the corresponding root spaces, and set
X,, = X; @ X3, a highest weight vector in §. Let W be the subspace of §
obtained by successively applying all ¥;'s. Then W is a proper subspace of §,
since its weight space W, corresponding to f is one dimensional. By the
argument we have seen several times, § preserves W. Now if §=g® ¢, W
would be an ideal in g @ ¢', and this would force X; @ 0 to belong to W,
making Wj two dimensional again. O

To finish this story, we should show that the simple Lie algebras corre-
sponding to two different Dynkin diagrams cannot be isomorphic, i.c., that
the two choices made in going from a semisimple Lie algebra to Dynkin
diagram do not change the answer. The general facts are:

(1) Any two Cartan subalgebras of a semisimple Lie algebra are conjugate,
i.e., there is an inner automorphism by an element in the corresponding
adjoint group, which takes one into the other.

(2) Any two decompositions of a root system into positive and negative roots
differ by an element of the Weyl group.

These are standard facts which are proved in Appendix D. Both statements
are subsumed in the fact that any two Borel subalgebras of a semisimple Lie
algebra are conjugate, a Borel subalgebra being the subspace spanned by the
Cartan subalgebra and the root spaces g, for positive a. For those readers
who crave logical completeness but do not want to go through so much
general theory, we observe that most possible coincidences can be ruled out
by such simple considerations as computing dimensions, and others can be
ruled out by simple ad hoc methods, cf. Exercise 21.17.

Finally, we must also prove the “existence theorem”: that there is a simple
Lie algebra for each Dynkin diagram. Serre’s theorem quoted above gives a
unified proof of existence. But we have seen and studied the Lie algebras for
the classical cases (A,)—(D,), and it is more in keeping with the spirit of these
lectures to at least try to see the five exceptions explicitly. This is the subject
of the next lecture.



LECTURE 22

g, and Other Exceptional Lie Algebras

This lecture is mainly about g,, with just enough discussion of the algebraic construc-
tions of the other exceptional Lie algebras to give the reader a sense of their complexity.
g,, being only 14-dimensional, is different: we can reasonably carry out in practice the
process described in §21.3 to arrive at an explicit description of the algebra by specifying
a basis and all pairwise products; we do this in §22.1 and verify in §22.2 that the result
really is a Lie algebra. In §22.3 we analyze the representations of g,, and arrive in
particular at another description of g,: it is the algebra of endomorphisms of a
seven-dimensional vector space preserving a general trilinear form. (Note that §22.3
may be read independently of either §22.1, §21.2, or §21.3.) Finally, in the fourth section
we will sketch some of the more abstract (i.e., coordinate free) approaches to the
construction of the five exceptional Lie algebras. While the first two sections are
completely elementary, the constructions given in §22.4 involve some fairly serious
algebra.

§22.1: Construction of g, from its Dynkin diagram

§22.2: Verifying that g, is a Lie algebra

§22.3: Representation theory of g,

§22.4: Algebraic constructions of the exceptional Lie algebras

§22.1. Construction of g, from Its Dynkin Diagram

In this section we will carry out explicitly the process described in the preceding
section for the Dynkin diagram (G,), constructing in this way a Lie algebra
g, with diagram (G,) (and in particular proving its existence).

The first step is to find the root system from the Dynkin diagram. In the
case of g, this is immediate; we may draw the root system R < h* associated
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to the diagram G, as follows:

g = 0,Y3)
4
= (-12,Y312) a, = (12,¥32)
o= (B30 5 ) a5 = G2.Y312)
By a = (1,0)
Bs B2
Ba Bs
v
Bs

Here the positive roots are denoted «;, with &, and a, the simple roots. The
coordinate system here has no particular significance (in particular, recall that
the configuration of roots «; and B; is determined only up to a real scalar), but
is convenient for calculating inner products. Note that the Weyl group is the
dihedral group generated by rotation through an angle of n/3 and reflection
in the horizontal, the Weyl chamber associated to the choice of ordering of
the roots given is the cone between the roots a¢ and a,.

As indicated in the preceding section, we start by letting X, be any eigen-
vector for the action of ) with eigenvalue «,, and X, any eigenvector for the
action of f with eigenvalue «,. We similarly let Y, and Y, be eigenvectors with
eigenvalues B, and f8, and set

Hl = [Xl’ Yl] al’ld Hz = [Xz, Yz]
We can choose Y, and Y, so that the elements H; € b satisfy a, (H,) = a,(H,) =
2,ie.,
[H, X;]1=2-X, and [H;, X,]=2"X,.
It follows that
[H, ,]=-2"Y; and [H,, V,]1=-2'1,,

ie, H;, X;,and Y;spanasubalgebras, = sl,C, with H;, X;, and Y; a normalized
basis for this copy of sl,C.

Now, it is clear from the diagram above that there is a unique way of writing
each positive root a; as a sum of simple roots a; + -+ + a;,_so that the partial
sums a; + - + a; are roots for each | < k (modulo exchanging the first two
terms): we go through the root system by the path
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o7} > — > Sy Os

oy

i.e., we write
o3 =0y + oy,
Oy =0y + a3 =0, + 0, + ay,
Os =0y +0g =0y + 0ty + 0y + %,
O =00y + 05 =0 + 0y + 0ty + 0y + ay.
According to the general recipe, this means we now set
X5 =[X}, X;], X, =[X;, X3],
Xs =[X1, X4, Xs = [X3, Xs],

and define Y3, ..., Y similarly. The elements H,, H,, X, ..., X¢, Y3, ..., ¥
then form a basis for the 14-dimensional g,, with H, and H, a basis for b, X;
a generator of the eigenspace g, , and Y; a generator of gy, fori =1,..., 6.

The task at hand now is to write down the multiplication table for g, in
terms of this basis. Of course, some products are already known: we know,
for example, that H;, X, and Y; form a normalized basis for sl,C fori =1, 2,
and we have the relations defining X5, ..., X¢ and V), ..., Y5 above. In
addition, since we know that the product [ X;, X;] lies in the root space g,,+,
for each i and j, we see immediately that [ X;, X;] = 0 whenever «; + «; is not
a root. We deduce that

[X1, Xs1=[X1, Xe] = [X;, X531 = [X3, Xo] = [X3, Xe] = [X3, X;5]
= [X3, Xe] = [X4, X5] = [X4, X6] =[X5, X61=0,
and likewise
(Y, Ys1=[Y,, Yol =[Y,, 31 =[Y,, Y1 =[Y,, Y61 = [13, Y5]
=[Ys, Yo] = [Y,, 5] =[Y,, Y] =[Ys, Ys1 =0.
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Similarly, we know that [X;, ¥;] = 0 whenever «; + f; = o; — a; is not a root;
this tells us as well that

[X1, ] =[X,, Y6l =[X5, V11 =[X;, Ya] = [X;, 5] = [X3, Ys]
=[X,, V1] = [Xs, Y,]1=[X;, 3]= [Xe, Y11= 0.
The multiplication table thus far looks like

H X, Y X, Y, X3 Y X, Y X5 Y X5 Y
H, 0 2X, -2Y, * * * * * * * *
H, * * 2X, -2Y, * * * * * * *
X, H X5 0 X, *x X5 = 0 * 0 0
Y, 0 Y, * Y, * Y, * 0 0 0
X, H, O * 0 0 X¢ O 0 *
Y, * 0 0 0 Ye * 0
X, * * * 0 0 0 *
Y, * * 0 0 * 0
X, * 0 * 0 *
Y, * 0 * 0
X5 * 0 *
Ys * 0
Xe *

The next thing to do is to describe the action of H, and H, on the various
vectors X; and Y. This can be done using the inner product on b, but it is
perhaps simpler to go back to the basic idea of restriction to the subalgebras
s,, and s,,. For example, if we want to determine the action of H; on the
various X;, consider how the algebra g =@ (g, @ g4,) decomposes as a
representation of s, :

,0
I
[

-3 -1 | 1 3
- o o )
~ \ | / ,’
S N L
SO / -

2 \3'/()/’ 2
® & L ]
//I\\\

// 4 \ ~
/’ / \ \\

3.7 -1/ ! ‘\\3
@ —@ L 4 —@
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We get two trivial representations (the spans of X and Y, as already noted);
one copy of the adjoint representation Sym?V (the subalgebra s, itself)
spanned by X, Y;, and H,;and two copies of the irreducible four-dimensional
representation Sym*®V spanned by X,, X3, X,,and X5 and Y5, Y, Y3, and Y,.
In particular, it follows that X,, X;, X,, and X, are eigenvectors for the
action of H; with eigenvalues of —3, —1, 1, and 3, respectively; and likewise
Y, Y,, Y3, and Y, are eigenvectors with eigenvalues —3, —1, 1, and 3. In
similar fashion, we consider the decomposition of g under the action of
s., = C{H,, X,, Y,}: diagrammatically, this looks like

Here we have two trivial representations, spanned by X, and Y, one adjoint
(s, itself), and four copies of the standard two-dimensional representation V,
spanned by X4 and X, X5 and X, Y, and Y;, and Y5 and Y. It follows that
X6, X3, Y;, and Y; are eigenvectors for the action of H, with eigenvalue 1,
and likewise X, X, Y3, and Y are eigenvectors with eigenvalue — 1.

Including this information, we can fill in the top two rows of the multipli-
cation table:

H, X, Y, X, Y X3 Y X, Y, X Ys Xe Ys
H 0 2Xx, -2Y, -3X, 3, -X, Y, X, -Y. 3X; -3Y, 0 0
H, -X, Y, 2X, -2, X, ~-Y, O 0 -X, Y X, -Y,

Decomposing g, according to the action of s, and s,, gives us information
about the action of X, X,, Y, and Y, on the other basis vectors as well.
For example, we saw a moment ago that X5 and X together span a sub-
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representation of g, under the action of s,,, with ad(X,) carrying X5 to X,.
It follows from this that ad(Y,;) must carry X back to Xs: we have

ad(Y;)(X) = ad(Y;) ad(X,)(X5)

= ad(X;) ad(1;)(X;) — ad([X;, Y;])(X5)

=0 — ad(H,)(X5) = X;.
Similarly, since ad(X,) carries X, into — X5, which together with X, spans a
copy of the standard two-dimensional representation of s,, = sl,C, it follows
that ad(Y,) will carry — X, back to X,. Likewise from the fact that ad(Y,)
carries Y; to — Y; we see that ad(Y,)(Y;) = — Y, and since ad(Y,): Y5 Y,
ad(X,): Yoo Ys.

We can in the same way use the action of s, to determine the values of
ad(X,)and ad(Y,) on various basis vectors, though because the representation
of s, on g, has larger-dimensional components this is slightly more com-
plicated. To begin with, consider the representation of s, on the subspace
spanned by X,, X3, X,, and X. We know that ad(X,) carries X, to X3, and

since X, is an eigenvector for the action of the commutator [X,, Y;] = H,
with eigenvalue — 3, it follows that ad(Y;) must carry X; to 3X,: we have

ad(Y;)(X;) = ad(Y,) ad(X,)(X;)
= ad(X,) ad(Y})(X,) — ad([X,, Y;D(X3)
=0 — ad(H,)(X,) = 3X,.
Using this, we can next determine the action of Y, on X,:
ad(Y,)(X,) = ad(Y;) ad(X,)(X3)
= ad(X,) ad(Y,)(X;) — ad(H,)(X3)
= ad(X,)(3X,) + X; = 4X;,

and we calculate likewise that ad(Y;)(X;) = 3X,. Analogously, knowing that
ad(Y;) carries Y, to Y, to Y, to Ys yields the information that ad(X,) must
carry Y;, Y,, and Y to 3Y,, 4Y; and, 3Y,, respectively. Including all this
information in the chart, the next four rows of our multiplication table are

H, X, Y\ X, Y, X, , X, Yo X5 Y5 X¢ Y

X, H X, 0 X, 13Y, X, 4, 0 3Y, 0 0
Y, 0 Y, 3X, Y, 4X, Y, 3X, 0 0 0
X, H 0 -Y 0 0 X, 0 0 Y
Y, -X, 0 0 0 0 Y X O

We next have to find the commutators of the basis elements X; and Y, for
i, j = 3. We cannot do this by looking at the action of the subalgebras
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generated by X; and Y, since for i > 3 we do not know the commutator
[X;, Y.]. Rather, the way to do this is outlined in the general proof in the
preceding section: we just use the expression of the X; and Y] as brackets of
the generators X, X,, Y;,and Y, to reduce the problem to brackets with these
generators, which we now know. Thus, for example, the first unknown entry
in the table at present is the bracket [ X5, Y;]. We calculate this by writing X
as [ Xy, X,], so that

ad(X;)(Y3) = ad([ Xy, X,])(Y3)
= ad(X,) ad(X,)(Y;) — ad(X;) ad(X,)(Y3)
= ad(X,)(—Y;) — ad(X;)(3Y;)
= —H, —3H,.

Likewise, to evaluate [ X3, X,] we have

ad(X;3)(X,) = ad([X,, X,1)(X,)
= ad(X,) ad(X,)(X,) — ad(X;) ad(X,)(X4)
= —ad(X,)(X5) = — X.

In this way, we can evaluate all brackets with X;; knowing these, we
can reduce any bracket with X, to one involving X; and X; by writing
X, =[X,, X5], and so on. Continuing in this way, we may complete our
multiplication table:

H, X, Y X , X5 Y X Y Xy Y, Xs Y
H, 0 2X, -2v, -3X, 3%, -X, Y, X, -Y 3X, -3 0 0
H, -X, Y, 22X, 2%, X, -Y, O 0 - X, Y, X, Y
X, H X, 0 X, 3, X, 4Y, 0 3Y, 0 0
Y, 0 Y, 3X, Y, 4X, Y, 3X, 0 0 0
X, H 0 -Y, 0 0 X 0 0 Ys
Y, -X, 0 0 0 0 Ys X; 0
-H
X, 5 le —Xs 4y, 0 0 0 3Y,
Y, ax, -, 0 0 33X, 0
8H,
X, cin, ©  “Bh 0 12Y,
Y, -12X, 0 12X; 0
—36H,
X Z3m, 0 3%
Ys 36X, O
36H,
e +72H,

Of course, in retrospect we see that the basis we have chosen is far from
the most symmetric one possible: for example, if we divided X, and Y, by 2
and X, X, Y5, and Y by 6, and changed the signs of X5 and Yj, the form of
the table would be
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Table 22.1

H, X, T X, Y, X3 Y X Y, Xs ¥y Xs Ys
H 0 2x, -2v, -3X, 3v, -X, Y, X, -Y, 13X, -3% 0 0
H, -X, Y, 2X, -2, X, ~-Y, O 0 -X, Y, X —Y,
X, H, X, 02X, -3, -3X, -2, O Y, 0 0
Y, 0 vy, 13X, -2Y, 2X, 3%, -X, O 0 0
X, H, 0 Y, 0 0 -X, 0 0 Y,
Y, X, 0 0 0 0 Y, —X, 0
X, H,+3H, —3X, 2Y, 0 0 0 Y,
Ys _2X, 3%, 0 0 -X, 0
X, 2H,+3H, 0 -Y, O -Y,
Y, X, 0 X, 0
Xs H,+H, 0 -1
Y, X, 0
Xs H,+2H,

There was another good reason for these changes: now each of the brackets
[X;, Y;] will be the distinguished element of § corresponding to the root o;. If
we denote this element by H;, then we read off from the table that

H3=H1+3H2, H4=2H1 +3H2,

222)
H5=H1+H2, H6=H1+2H2,

and

H,=[X, Y], [H,X]1=2X, [H,Y]=-2Y (223)

fori=1,23,4,5,6.

§22.2. Verifying That g, Is a Lie Algebra

The calculation of the preceding section gives a complete description of what
the Lie algebra g, must look like, but there is still some work to be done:
unless we know that there is a Lie algebra with diagram (G,), we do not know
that the above multiplication table defines a Lie algebra, let alone a simple
one. In fact, the simplicity is not much of a problem (cf. Exercise 14.34), but
to know that it is a Lie algebra requires knowing that the Jacobi identity is
valid. One could simply check this from the table for all (*}}) triples of elements
from the basis, a rather uninviting task.

There is another way, which gives more structure to the preceding calcula-
tions, and which will give a clue for possible constructions of other Lie
algebras. The root diagram for (G,) is made up of two hexagons, one with
long arrows, the other with short. This suggests that we should find a copy of
the corresponding Lie algebra sl,C inside g,. The subspace spanned by
and the root spaces corresponding to the six longer roots is clearly closed
under brackets, so is the obvious candidate. The long roots are a5, o5, and
og = &5 + a5, and their inverses. So we define g, to be the subspace spanned
by the corresponding vectors:
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0 = C{HS’ HZ’ XS’ YS’ XZ’ Yz, X6a Y6}-
The multiplication table for g, is read off from Table 22.1:

H, X Y, X, Y, X Ys
Ha 0 2X, -=2Y, -X, Y, X, -Y,
H, —X, Y, 2X, -2Y, X, ~Y,
X H, X, 0 0 -Y,
Y, 0 -Y, X, 0
X, H, 0 Y,
Y, - X, 0
X, Hs + H,

This is exactly the multiplication table for sl;C, with its standard basis (in the
same order):

SISC = C{El,l - E2,2’ E2,2 - E3,3’ E1.2’ E2,1’ E2,3’ E3,2’ E1,3’ E3,1}'

So we have determined an isomorphism
go = sl;C.

(Note right away that this verifies the Jacobi identity for triples taken from g.)

The rest of the Lie algebra must be a representation of the subalgebra
8o = sl;C, and we know what this must be: the smaller hexagon is the union of
the two triangles which are the weight diagrams for the standard representa-
tion of sl; and its dual, which we denote here by W and W*; W is the sum of
the root spaces for a,, f;, and B;, while W* is the sum of those for B,, a,,
and oj.

$15C
27}
L W*
B
/W
Bs

Bs

Again, a look at the table shows that the vectors X,, Y;, and Y, form a basis
for W = C? that corresponds to the standard basis e;, e,, and e;, and
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similarly Y, X,, and X, form a basis for W* = (C®)* that corresponds to
the dual basis ef, e%, and e%: we have

W=C{X4’ Y, Ys}; W*=C{Y4’ Xx,Xs};
2= ®Wae W+
With these isomorphisms, the brackets
go X WoW and gox W*->W*

correspond to the standard operations of sl;C on C3 and (C3)*.
Next we look at brackets of elements in W. Note that [W, W] is contained
in W*, either by weights or by looking at the table. The table is

Y, Y, € €3
X, -2X, 2X, or e, —2e% 2e%
Y, 0 -2Y, e, 0 —2e¥

Identifying W = C3, W* = (C3)* as above, we see that the bracket W x W —
W* becomes the map

W x W W*=/2W, VX W —2:0 AW

Similarly for W*, we have [W*, W*] < W, and the bracket is identified with
the map

W*x W W=/ NW* oxy—2:-0AVY.

Finally we must look at brackets of elements of W with those of W*, which
land in g,. Here the table is

Y, X, X,
X, 2H;+H, 3X, 3X,
Y, 3Y, H, — H, 3X,
Y, 3Y, 3Y, —H, - 2H,

In terms of the standard bases, [e;, ef] = 3E; ; — ;. Intrinsically, this
mapping

[, 1 Wx W*->sl,C cgl(W)
can be described by the formula
[v, @]1(W) = 3p(W)v — @()w (224)
forv,we Wand ¢ € W*,

Exercise 22.5*. Show that [v, ¢] is the element of sl;C characterized by the
formula
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B([v, ©], Z) = 18¢(Z-v) forall Z € sl;C,

where B is the Killing form on g, = sl;C. In other words, if we write v * ¢ for
the element in g, = sl; satisfying the identity

B(vx¢p,Z)= @(Z-v) forall Z e g, =sl5C, (22.6)
then the bracket [v, ¢] can be written in the form
[v, 9] = 18- v* . (22.7)

It is now a relatively painless task to verify the Jacobi identity, since, rather
than having to check it for triples from a basis, it suffices to check it on triples
of arbitrary elements of the three spaces g,, W, and W* using the above linear
algebra descriptions for the brackets. We will write out this exercise, since the
same reasoning will be used later. For example, for three or two elements from
8o, this amounts to the fact that g, = sI;C is a Lie algebra and W and W* are
representations.

For one element Z in g,, and two elements v and w in W, the Jacobi identity
for these three elements is equivalent to the identity

Z-wAaw=(Z-v)Aw+ovA(Z W),

which we know for the action of a Lie algebra on an exterior product; and
similarly for one element in g, and two in W*.
The Jacobi identity for Z € g4, v € W, and ¢ € W* amounts to

[Z,v+@] = (Z-V)x¢ +vx(Z"9).

Applying B(Y,—) to both sides, and using the identity B(Y,[Z, X]) =
B([Y, Z], X), this becomes

@(LY, Z]-v) = o(Y-(Z ) + (Z" ¢)(Y-v).
Since ¢([Y, Z]-v) = (Y- (Z-v)) — ¢(Z - (Y - v)), this reduces to
(Z-9)(w) = —o(Z-w),

for w= Y-v, which comes from the fact that W and W* are dual
representations.
For triples u, v, w in W, the Jacobi identity is similarly reduced to the identity

wWANZW+WAWZ W)+ WAu(Z-v)=0
for all z € g5, which amounts to
UANVAZWFuAZ)AWwH(Z WyAvAW
=ZuAvaw=0 in N3W=C;

and similarly for triples from W*.
For v, w e W, and ¢ € W*, noting that

[lo,wl,el=-2:[vAw,@l=—4@AWAro=—4 (o)W — W),

the Jacobi identity for these elements reads
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—4-(p)w — e(W)v) = —[w, @1(v) + [v, @](W). (22.8)
The right-hand side is

—[w, 1) + [v, @1(W) = —Bo)w — p(W)v) + Bp(W)v — @(v)wW),
which proves this case. (This last line was the only place where we needed to
use the definition (22.4) in place of the fancier (22.7).)

The last case is for one element v in W and two elements ¢ and  in W*.
This time identity to be proved comes down to

—4-WWe — oY) =[v, 0] ¥ — [v,¥]" 0.
Applying both sides to an element w in W, this becomes

—4- (Y (@oW) — @Y W) = o([v, ¥1-w) — ¥([v, ¢]-w).
If we apply ¥ to the previous case (22.8) we have

—4-(0Y W) — oW ©) = —yY([w, ¢]-v) + Y¥([v, ¢1-w).

And these are the same, using the symmetry of the Killing form:

18- ¢([v, ¥1-w) = B([v, Y], [w, ¢]) = B([w, 91, [v, ¥]) = 18y([w, ¢]-v).

This completes the proof that the algebra with multiplication table (22.1)
is a Lie algebra. With the hindsight derived from working all this out, of
course, we sec that there is a quicker way to construct g,, without any
multiplication table: simply start with sl;C @ W @ W*, and define products
according to the above rules.

§22.3. Representations of g,

We would now like to use the standard procedure, outlined in Lecture 14 (and
carried out for the classical Lie algebras in Lectures 15-20) to say something
about the representations of g,. One nice aspect of this is that, working simply
from the root system of g, and analyzing its representations, we will arrive at
what is perhaps the simplest description of the algebra: we will see that g, is
the algebra of endomorphisms of a seven-dimensional vector space preserving
a general trilinear form.

The first step is to find the weight lattice for g,. This is the lattice Ay < bh*
dual to the lattice Iy, = }) generated by the six distinguished elements H;. By
(22.2), Ty is generated by H, and H,. Since the values of the eigenvalues «,
and a, on H, and H, are given by

ai(Hy) =2, a;(Hy) = —1,
ay(Hy) = =3, ay(Hp) =2,

it follows that the weight lattice is generated by the eigenvalues «, and a, (and
in particular the weight lattice Ay is equal to the root lattice Ag). The picture
is thus
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As in the case of the classical Lie algebras, the intersection of the (closed)
Weyl chamber #~ with the weight lattice is a free semigroup on the two
fundamental weights

o, =20 +a, and o, =3a; + 2a,.

Any irreducible representation of g, will thus have a highest weight vector A
which is a non-negative linear combination of these two. As usual, we write
I, , for the irreducible representation with highest weight aw, + bw,.

Let us consider first the representation I'; , with highest weight @, . Trans-
lating w, around by the action of the Weyl group, we see that the weight
diagram of I, , looks like
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Since there is only one way of getting from the weight w, to the weight 0 by
subtraction of simple positive roots, the multiplicity of the weight 0 in I o
must be 1. T, , is thus a seven-dimensional representation. It is the smallest
of the representations of g,, and moreover has the property (as we will verify
below) that every irreducible representation of g, appears in its tensor algebra;
we will therefore call it the standard representation of g, and denote it V.
The next smallest representation of g, is the representation Iy ; with
highest weight w,; this is just the adjoint representation, with weight diagram

Note that the multiplicity of 0 as a weight of I, , is 2, and the dimension of
I, is 14.

Consider next the exterior square A2V of the standard representation
V =T o of g,. Its weight diagram looks like
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from which we may deduce that
NV =T, ®V.

In particular, since the adjoint representation I, ; of g, is contained in A%V,
and the irreducible representation I, , with highest weight aw; + bw, is
contained in the tensor product Sym*¥V ® Sym®T, ,, we see that every irreduc-
ible representation of g, appears in some tensor power V®™ of the standard
representation, as stated above.

Next, look at the symmetric square Sym?V of the standard representation.
It has weight diagram
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Clearly, this contains a copy of the irreducible representation I, , of g,
with highest weight 2w, . Depending on the multiplicities of this representa-
tion, it may also contain a copy of V itself, of the trivial representation, or
both; or it may be irreducible. To see which is in fact the case, we need to
know more about the action of g, on the standard representation V. We
will do this in two ways, first by direct calculation, and second using the
decomposition of g, into sl; @ W @ W*. Although the second approach is
shorter, the first illustrates how one can calculate for the exceptional Lie
algebras very much as we have been doing in the classical cases.

To describe V explicitly, start with a highest weight vector for V i.e., any
nonzero element v, of the eigenspace V, — V for the action of ) with eigenvalue
o,. The image of v, under the root vector Y; will then be a nonzero element
of the eigenspace V; with eigenvalue «, (this follows from the fact that the
direct sum V; @ V,, as a representation of the subalgebra s, < g, is a copy of
the standard representation of s, = sl,C). Similarly, the image of v; under Y,
is a generator v, of the eigenspace V; with eigenvalue a,, the image of v, under
Y, is a generator of the eigenspace V¥, with eigenvalue 0, and so on. We may
thus choose as a basis for V the vectors

Vg, vy = Y;(v), v, = —Y,(v3), u=Y(,),
w; = 3Y;(u), wy = Y(w;), and wy = =Y (w3),

where v; (resp. w;) is an eigenvector with eigenvalue «; (resp. B;). (The signs and
coefficient  in the definition of w, are there for reasons of symmetry—see
Exercise 22.10.) Diagrammatically, the action of g, may be represented by the
arrows

Exercise 22.9. (i) Verify that the vectors v;, w;, and u, as defined above, are
indeed generators of the corresponding eigenspaces. (ii) Find, in terms of this
basis for V, the images of v, under the elements Y;, Y, Y;, and Y.

Exercise 22.10. Show that the elements X; and Y, € g, all carry basis vectors
v; and w; into other basis vectors, up to sign (or to zero, of course), and carry
u to twice basis vectors, that is, X;u = 2v; and Y;u = 2w, fori =1, 3, 4.
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Now, the representation Sym?V has, as basis, the pairwise products of
the basis vectors for V; and the subrepresentation I, , is just the subspace
generated by the images of the highest weight vector »2 under (repeated
applications of) the generators Y, Y, of the negative root spaces of g,. Thus,
for example, the eigenspace in Sym?V with eigenvalue a, is the span of the
products u-v, and v; - v,; the part of this lying in I, o will be the span of the
two vectors Y,Y; Y, (v?) and Y, Y, Y;(v2). We calculate:

Y, 1, Y,(03) = Y, Y, (205 04) = Y,(203)
= —4v, v,
and
VLY, =Y, Y,(2v3°v,) = — Y120, v,)
= —20,'v3 — 2u-v,.

We see, in other words, that I, , assumes the weight o, with multiplicity 2,
so that in particular Sym?V does not contain a copy of V.

Similarly, to see whether or not Sym2V contains a copy of the trivial
representation, we have to calculate the multiplicity of the weight 0 in T ,.
Since any path in the weight lattice from the eigenvalue 2a, to 0 obtained by
subtracting «; and «, must pass through a,, we can do this by evaluating the
products of Y; and Y, on the generators v, - v; and u - v, of the eigenspace with
eigenvalue a,: we have

YY1 Yy (v,05) = =Y, Yi(v]) = — Y, u-vy)
= —4w, ‘v, — 2u?;
YV, Y,uv,) =0;
N Y, Y, (v,03) = Y Yo(u-v3) = — Y (u-vy)
= —2w, v, —u?;
Y\ L,Y,(u-v,) =Y, Y, (u vy + 2w, -v,)
=Y (—u-v, + 2wy 0,)
= —2w; v; — u? — 2w, vg + 2w, 03;
1, Y, Yi(v,03) = Y, Y1 (u-v3) = Y,(2w, - v3)
= —2w; v, + 2w, 0;;
and
LY Yi(uv,) = LY (uv3 + 2w, v,) = Y(4w, " v3)
= —4w, v, + 4w v;.

We see from this that the 0-eigenspace of I, , is three dimensional; we thus
have the decomposition

Sym?*’V =T, ,®C.
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In particular, we deduce that the action of g, on the standard representation
V = C7 preserves a quadratic form; and correspondingly that the subalgebra
g, < sl(V) = sl,C is actually contained in the algebra so,C. We will see this
again in the following section, where we will give alternative descriptions of
the exceptional Lie algebras, and again in §23.3 where we describe compact
homogeneous spaces for Lie groups.

Exercise 22.11. Analyze in general the symmetric powers Sym*V of the stan-
dard representation V of g,.

Finally, consider the exterior cube A2V of the standard representation. The
weight diagram is

and after we remove one copy of the representation I, , with highest weight
2w, (this is the sum of the three highest weights «,, a5, and «; of V), we are
left with
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This, by what we have seen, can only be the direct sum of the standard
representation V with the trivial representation C. In sum, then, we conclude
that

NV =T, ,®VeC.

Note in particular that, as a corollary, the action of g, on the standard
representation preserves a skew-symmetric trilinear form w on V. It is not
hard to write down this form: it is a linear combination of the five vectors
Wy AUADUs, U8 AUAWGLW, AUADV U A D3 AW, and w; A wy A v,; and
the fact that it is preserved by X, and X, is enough to determine the coefficients:
we have

WD=W3 AUAV3F+ VL AUAWg+W AUAD;
+ 200 AUz AW+ 2w AWy A D,

The fact that the action of g, on V preserves the skew-symmetric cubic
form w takes on additional significance when we make a naive dimension
count. The space A3V of all such alternating forms has dimension 35, while
the algebra gl(V) of endomorphisms of ¥ has dimension 49; the difference is
exactly the dimension of the algebra g,. In fact, we can check directly that the
linear map

: gl(V) > NV

sending 4 € End(V) to A(w) is surjective. We deduce that w is a general cubic
alternating form [i.e., an open dense subset of AV corresponds to forms
equivalent to @ under Aut(V)], and hence that

Proposition 22.12. The algebra g, is exactly the algebra of endomorphisms of
a seven-dimensional vector space V preserving a general skew-symmetric cubic
formwonV.
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Exercise 22.13*. Verify that the map ¢ above is surjective by direct calculation
of the action of gl(V) on w € N\3V.

Exercise 22.14. As an alternative to the preceding exercise, analyze skew-
symmetric trilinear forms on C" to show that for n < 7 there are only finitely
many such forms, up to the action of GL,C. Verify that the form w above is
general in A3C”. (In fact, there are only finitely many cubic alternating forms
on C?® as well, though this is fairly complicated; for n > 9 a simple dimension
count shows that there is a continuously varying family of such forms.)

Note that the cubic form w preserved by the action of g, gives us explicitly
the inclusion

Vo A2V

deduced earlier from their weight diagrams: this is just the map V* - A2V
given by contraction/wedge product with w, composed with the isomorphism
of V with V'*,

Exercise 22.15*. Find the algebra of endomorphisms of a six-dimensional
vector space preserving a general skew-symmetric trilinear form.

We will see the form w again when we describe g, in the following section.

These calculations using the table amount to using all the information
that can be extracted from the subalgebras s, = sl,C of g,. Using the copy
of sl;C that we found in the second section can make some of this more
transparent. Make the identification

=g OWeW*=s,CoweWw*

As a representation of s[;C, the seven-dimensional representation ¥V must
be the sum of W, W*, and the trivial representation C. If we make this
identification,

V=WeWw*®C,

it is not hard to work out how the rest of g, acts. This is given in the following
table:

w w* C

w v z
do X X-w Xy 0
w v —VAW Y(v) 2z-v

w* ¢ o(w) oAy 29

With this identification, we have u = 1 in C, and
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v, = ey, W, =e,, wy;=e; inW=C3
wy=¢e¥ v =e¥ vy =e¥ in W* = (C3)*

Conversely, it is not hard to verify that the above table defines a representation
of g,, by checking the various cases of the identity [, n] -y =¢-(n-y) —
n-(&-y)for & nin g, and y in V. Note that the cubic form w becomes

3
o= egAuner+2e Aey ey +ernelnael)
i=1

This description of V can be used to verify the calculations made earlier,
and also to study its symmetric and exterior powers. For example, Sym?V
decomposes over sl;C into

Sym?W @ Sym?’W* @ Sym’COWRCOW*QCOWR® W*
=Sym’W @ Sym’W*@Coe W W*@sl,CadC.

To get the weights around the outside ring, the irreducible representation T, ,
must include Sym?W, Sym?W*, and sl,C. Checking that Wcg, maps
Sym?W* nontrivially to W* shows that it must also include W and W*. To
finish it suffices to compute the part killed by g,, which must lie in the sum
of the two components which are trivial for sl;C; checking that this is one
dimensional, one recovers the decomposition

Sym?*V =T, ,®C.

Exercise 22.16. Use this method to decompose A3V and Sym3V.

§22.4. Algebraic Constructions of the
Exceptional Lie Algebras

In this section we will sketch a few of the abstract approaches to the construc-
tion of the five exceptional Lie algebras. The constructions are not as easy as
you might wish: although the exceptional Lie groups and their Lie algebras
have a remarkable way of showing up unexpectedly in many areas of mathe-
matics and physics, they do not have such simple descriptions as the classical
series. Indeed, they were not discovered until the classification theorem forced
mathematicians to look for them.

To begin with, the method we used to construct g, in the second section
of this lecture can be generalized to construct other Lie algebras. This is the
construction of Freudenthal, which we do first. It can be used to construct the
Lie algebra e for the diagram (Eg). From ey it is possible to construct e, and
e and f,. Then we will present (or at least sketch) several other approaches
to their construction. Since it is a rather technical subject, probably not really
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suited for a first course, we will touch on several approaches rather than give
a detailed discussion of one.

The construction of g, as a sum g, @ W @ W* that we found in the second
section works more generally, with very little change. Suppose g, is a semi-
simple Lie algebra, and W is a representation of go; let W* be the dual
representation, and set

g=g W W*
We also need maps
ANWoSW* and ANW*oS W

of representations of g,. We assume these are given by trilinear maps of
go-representations T: A3W — C and T': A*W* — C, which means that

(uAv)W) =T@u,v,w) and @ AY)=T(p, ¥, 9I).

We can then define a bracket on g by the same rules as in the second section.
To describe it, we let X, Y, Z, ... denote arbitrary elements of gy, 4, v, w, ...
elements of W, and ¢, ¥, 9, ... elements of W*. The bracket in g is determined
by setting:

() [X,Y]=[X,Y] (the given bracketin g;),

@) [X,v]=X"v (the action of g, on W),
(i) [X,9ol=X"-¢ (the canonical action of g, on W*),
(iv) [v,w] =a-(v A w) (forascalar ato be determined),
v) [, Y] =b-(p A ) (forascalarbtobedetermined)
Vi) [v,@] =c-(v*0q) (for a scalar c to be determined).

As before, v * ¢ is the element of g, such that
B(v*p,Z) = ¢(Z-v) forall Z € g,

where B is the Killing form on g,. The rules (i)—(vi) determine a bilinear
product [ , ] on all of g, and the fact that it is skew follows from the facts
that [X, X] =0, [v,v] =0, and [¢, ¢] = 0.

The argument that we gave showing that g, satisfies the Jacobi identity
works in this general case without essential change, except for the last two
cases, where explicit calculation is needed. For v, we W, and ¢ € W*, the
Jacobi identity is equivalent to the identity

ab((v A w) A @) = c((v* @) w— (Wx@) D). (22.17)
For v e W, ¢, Y € W*, the Jacobi identity amounts to

ab((¢ A Y) A v) = c((v*¥) @ — (v* @) ¥). (22.13)

We will see in Exercise 22.20 that (22.17) and (22.18) are equivalent. Again,
the simplicity of the resulting Lie algebra is easy to see, provided all the weight
spaces are one dimensional, using Exercise 14.34, so we have:
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Proposition 22.19 (Freudenthal). Given a representation W of a semisimple
Lie algebra g, and trilinear forms T and T’ inducing maps /\>*W — W* and
N2W* — W, such that (22.17) and (22.18) are satisfied, the above products make

=g ® W Ww*

into a Lie algebra. If the weight spaces of W are all one dimensional, and the
weights of W, W*, and the roots of g, are all distinct, and abc # 0, then g is
semisimple, with the same Cartan subalgebra as g,.

Exercise 22.20*. (a) Show that the trilinear map T determines a map A:
A2W — W* of representations if and only if it satisfies the identity

T(X -u,v,w)+ Tu, X-v,w)+ T(u, v, X-w)=0 VX € go,

and similarly for T".
(b) Show that each of (22.17) and (22.18) is equivalent to the identity

ab-(v A W)(@ A Y)=c (BwW*y,v*¢@) — Bw* o, vxy))).

The Lie algebra eq for (Eg) can be constructed by this method. This time
g, is taken to be the Lie algebra sl,C;if ¥ = C° is the standard representation
of slyC, let W = A3V, so W* = A3V*; the trilinear map is the usual wedge
product

NV RNV NV >NV =C,

and similarly for A3V*. We leave the verifications to the reader:

Exercise 22.21*. (i) Verify the conditions on the roots of sly and the weights
of AV and A*V*. (ii) Use the fact that B(X, Y) = 18- Tr(XY) for sl, to show
that (22.17) holds precisely if c = — 18ab. (iii) Show that the Dynkin diagram
of the resulting Lie algebra is (Eg).

Note that the dimension of slgC is 80, and that of W and W* is 84, so the
sum has dimension 248, as predicted by the root system of (Eg).

Once the Lie algebra eg4 is constructed, e, and ¢4 can be found as sub-
algebras, as follows. Note that removing one or two nodes from the long arm
of the Dynkin diagram of (Eg) leads to the Dynkin diagrams (E,) and (Eq).

In general, if g is a simple Lie algebra, with Dynkin diagram D, consider a
subdiagram D° of D obtained by removing some subset of nodes, together
with all the lines meeting these nodes.' Then we can construct a semisimple
subalgebra g° of g with D° as its Dynkin diagram. In fact, g° is the subalgebra
generated by all the root spaces g, ,, where a is a root in D°.

L If there are double or triple lines between two nodes, both nodes should be removed or kept
together.
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Exercise 22.22. (a) Prove this by verifying that the positive roots of g° are the
positive roots B of g that are sums of the roots in D°, and the Cartan
subalgebra b° is spanned by the corresponding vectors Hy € b.

(b) Carry this out for e, and eg4; in particular, show again that e, has 63
positive roots, so dimension 7 + 2(63) = 133, and e4 has 36 positive roots, so
dimension 6 + 2(36) = 78.

Exercise 22.23. For each of the simple Lie algebras, find the subalgebras
obtained by removing one node from an end of its Dynkin diagram.

The last exceptional Lie algebra f, can be constructed by taking an in-
variant subalgebra of ¢4 by an involution. This involution corresponds to the
evident symmetry in the Dynkin diagram:

O Oi O—O
No—

In general, an automorphism of a Dynkin diagram arises from an auto-
morphism of the corresponding semisimple Lie algebra, as follows from the
fact that the multiplication table is determined by the Dynkin diagram, cf.
Proposition 21.22 and Claim 21.25.

Exercise 22.24*. (a) Show that the invariant subalgebra for the indicated
involution of ¢4 is a simple Lie algebra f, with Dynkin diagram (F,).

(b) Find the invariant subalgebra for the involutions of (A,) and (D,), and
for an automorphism of order three of (D,).

Exercise 22.25*. For each automorphism of the Dynkin diagrams (A,) and
(D,), find an explicit automorphism of s, ; C and so,,C that induces it.

The exceptional Lie algebras can also be realized as the Lie algebras of
derivations of certain nonassociative algebras. This also gives realizations of
corresponding Lie groups as groups of automorphism of these algebras (see
Exercise 8.28). Some examples of this for associative algebras should be
familiar. The group of automorphisms of the algebra H of (real) quaternions
is O(3), so the Lie algebra of derivations is so; R. The Lie algebra of derivations
of the complexification H ¢ is s0;C = sl,C.

The exceptional group G, can be realized as the group of automorphisms
of the complexification of the eight-dimensional Cayley algebra, or algebra of
octonions. Recall that the quaternions H = C @ Cj can be constructed as the
set of pairs (a, b) of complex numbers. In a similar way the Cayley algebra,



§22.4. Algebraic Constructions of the Exceptional Lie Algebras 363

which we denote by O, can be constructed as the set of pairs (a, b), with a and
b quaternions. The addition is componentwise, with multiplication

(a, b) o (c, d) = (ac — db, da + bc),

where ~ denotes conjugation in H. This algebra O also has a conjugation,
which takes (a, b) to (@, —b). It has a basis 1 = (1, 0), together with seven
elements e,, ..., e;:

(i, 0), (j, 0), (k, 0), (0, 1), (0, i), (0, ), (0, k).

These satisfy e,0 ¢, = —1and ¢, 0 e, = —e, o ¢, for p # g, and the conjugate
e, of e, is —e,. The multiplication table can be encoded in the diagram:

0,i)

©0.k)

©.))

Here, if ¢,, e,, and e, appear on a line in the order shown by the arrow, then

e,oe,=e, e, 06, =ep, e, =e,.

Note in particular that any two of these basic elements generate a subalgebra
of O isomorphic to H.

Exercise 22.26. Show that the subalgebra of O generated by any two elements
is isomorphic to R, C, or H. Deduce that, although O is noncommutative and
nonassociative, it is “alternative,” i.e., it satisfies the identities (x o x)o y =
xo(xoy)and yo(xox)=(yox)ox.

A trace and norm can be defined on O by
Tr(x) =3(x+ %), N =xo0X;

these satisfy the relation x> — 2 Tr(x) + N(x) = 0. Let B(x,y) =3(x oy +
y o X) be the bilinear form associated to N; note that the above basis is an
orthonormal basis for this inner product.

Let G be the group of algebra automorphisms of the real algebra O. The
next exercise sketches a proof that the complexification of G is a Lie group of
type (G,).
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Exercise 22.27*. The center of O is R- 1, which is preserved by G. Let Y be
orthogonal space to R-1 with respect to the quadratic form N. Then G is
imbedded in the group SO(Y) of orthogonal transformations of Y.

(a) Definea “cross product” x on Y by the formulav x w=v-w + (v, w)- 1.
Show that G can be identified with the group of orthogonal transforma-
tions of Y that preserve the cross product.

(b) Show that G = Aut(Q) acts transitively on the 6-sphere

S6={Yre:Yrt=1},

and the subgroup K that fixes i = e, is mapped onto the 5-sphere in ej"
by the map g+ g-j. Conclude from this that G is 14-dimensional and
simply connected.

(c) Show that {D e Der(0): D(i) = 0} is isomorphic to su,.

(d) Verify that the Lie algebra of derivations of the complex octonians is the
simple Lie algebra of type (G,).

Exercise 22.28*. The octonions can also be constructed from the Clifford
algebra of an eight-dimensional vector space with a nondegenerate quadratic
form. With ¥, S*, and S~ as in §20.3, with v, € V, s, €S*, t; = v,"s5, € S~
chosen so the values of the quadratic forms are 1 on each of them as in Exercise
20.50, define a product V x V — V, (v, w)v o w by the formula

vow=(vt;) (W-sy).

Note that v-t, € S*, w-s, € 7, so their product (v-t,) - (w-s,) is back in V.

(a) Show that V with this product is isomorphic to the complex octonians
O, with unit v, with the map v+— — p(v, )(v) corresponding to conjugation in
0.

Conversely, starting with the complex octonians O, one can reconstruct
the algebra of §20.3: define 4 = O @ O @ O, define an automorphism J of
order 3 of A by J(x, y, z) = (z, x, y), and define a product - from each succes-
sion of two factors to the third by the formulas x:y =Xoy, y-z=yoz,
Z'xX=2ZoX.

(b) Show that A is isomorphic to the algebra described in §20.3.

(c) Identifying sogC with the space of skew linear transformations of O,
show that for each A in sogC there are unique B and C in so4C such that

A(xoy)=B(x)oy + xoC(y)

for all complex octonions x and y. Equivalently, if one defines a trilinear form
(', , )on the octonions by (x, y, z) = Tr((x o y) 0 z) = Tr(x o (y 0 2)),

(Ax, y,2z) + (x, By, z) + (x,y, Cz) =0

for all x, y, z. Show that this trilinear form agrees with that defined in Exercise
20.49, and the mapping 4 — B determines the triality automorphism j’ of sogC
of order three described in Exercise 20.51.
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Exercise 22.29. Define three homomorphisms from the real Clifford algebra
C; = C(0, 7) to Endg(0O) by sending v € R” = )" Re; to the maps L,, R,, and
T, defined by L,(x) =vo x, R,(x) = xov,and T,(x) =vo(xov)=(voXx)ou.

(a) Show that these do determine maps of the Clifford algebra, and that the
induced maps

SpingR <> C&**" = C, - End 4(0)

are the two spin representations and the standard representation, respectively.
(b) Verify that T,(x o y) = L,(x)- L,(y) for all v, x, y, and use this to verify
the triality formula in (c) of the preceding exercise.

The algebra f, can be realized as the derivation algebra of the complexifica-
tion of a 27-dimensional Jordan algebra J. This can be constructed as the set
of matrices of the form

a a fB
a by |
B 7 c

with a, b, ¢ scalars, and a, 8, y in O. The product o in J is given by

xoy=3%(xy+ yx),

where the products on the right-hand side are defined by usual matrix multi-
plication. This algebra is commutative but not associative, and satisfies the
identity ((x o x) o y) o x = (x o x) o (y © x). In fact, (F,) is the group of auto-
morphisms of this 27-dimensional space that preserve the scalar product
(x, y) = Tr(x o y) and the scalar triple product (x, y, z) = Tr((x o y) o z). The
kernel of the trace map is an irreducible 26-dimensional representation of f,.
For details see [Ch-S], [To], [Pos].

In addition, there is a cubic form “det” on J such that the linear auto-
morphisms of J that preserve this form is a group of type (E¢). This again
shows {4 as a subalgebra of e,.

The other exceptional Lie algebras can also be constructed as derivations
of appropriate algebras. We refer for this to [Ti2], [Dr], [Fr2], [Jac2], and
the references found in these sources. Other constructions were given by Witt,
cf. [Wa]. The simple Lie algebras are also constructed explicitly in [S-K, §1].
See also [Ch-S], [Fr1], and [Sc].

What little we will have to say about the representations of the four
exceptional Lie algebras besides g, can wait until we have the Weyl character
formula.



LECTURE 23

Complex Lie Groups; Characters

This lecture serves two functions. First and foremost, we make the transition back
from Lie algebras to Lie groups: in §23.1 we classify the groups having a given
semisimple Lie algebra, and say which representations of the Lie algebra, as described
in the preceding lectures, lift to which groups. Secondly, we introduce in §23.2 the
notion of character in the context of Lie theory; this gives us another way of describing
the representations of the classical groups, and also provides a necessary framework
for the results of the following two lectures. Then in §23.3 we sketch the beautiful
interrelationships among Dynkin diagrams, compact homogeneous spaces and the
irreducible representations of a Lie group. The first two sections are elementary
modulo a little topology needed to calculate the fundamental groups of the classical
groups in §23.1. The third section, by contrast, may appear impossible: it involves, at
various points, projective algebraic geometry, holomorphic line bundles, and their
cohomology. In fact, a good deal of §23.3 can be understood without these notions;
the reader is encouraged to read as much of the section as seems intelligible. A final
section §23.4 gives a very brief introduction to the related Bruhat decomposition, which
is included because of its ubiquity in the literature.

§23.1: Representations of complex simple groups
§23.2: Representation rings and characters

§23.3: Homogeneous spaces

§23.4: Bruhat decompositions

§23.1. Representations of Complex Simple Lie Groups

In Lecture 21 we classified all simple Lie algebras over C. This in turn yields
a classification of simple complex Lie groups: as we saw in Lecture 7, for any
Lie algebra g there is a unique simply connected group G, and all other
(connected) complex Lie groups with Lie algebra g are quotients of G by
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discrete subgroups of the center Z(G). In this section, we will first describe the
groups associated to the classical Lie algebras, and then proceed to describe
which of the representations of the classical algebras we have described in
Part I11 lift to which of the groups. We start with

Proposition 23.1. For all n > 1, the Lie groups SL,C and Sp,,C are connected
and simply connected. For n > 1, SO,C is connected, with n,(SO,C) = Z, and
7,(S0,C) = Z/2 for n > 3.

Proor. The main tool needed from topology is the long exact homotopy
sequence of a fibration. If the Lie group G acts transitively on a manifold
M, and H is the isotropy group of a point P, of M, then G/H = M, and the
map G - M by gr—g- P, is a fibration with fiber H. The resulting long exact
sequence is, assuming the spaces are connected,

-+ = my(M) — w1y (H) - 71(G) - my (M) - {1}. (23.2)

(The base points, which are omitted in this notation, can be taken to be the
identity elements of H and G, and the point P, in M.) In practice we will know
M and H are connected, from which it follows that G is also connected. From
this exact sequence, if M and H are also simply connected, the same follows
for G.

To apply the long exact homotopy sequence in our present circumstance
we argue by induction, noting first that SL,C = SO, C = {1}. Now consider
the action of G = SL,C on the manifold M = C"\{0}. The subgroup H
fixing the vector P, = (1,0, ..., 0) consists of matrices whose first column is
(1,0,...,0) and whose lower right (n — 1) by (n — 1) matrix is in SL,_; C; it
follows that as topological spaces H = SL,_,C x C""'. Since M is simply
connected for n > 2 (having the sphere $2*! as a deformation retract), and H
has SL,_, C as a deformation retract, the claim for SL,C follows from (23.2)
by induction on n.

The group SO, C is isomorphic to the multiplicative group C*, which has
the circle as a deformation retract, so n,(SO,C) = Z. The group G = SO,C
acts transitively on M = {v € C™: Q(v, v) = 1}, where Q is the symmetric bi-
linear form preserved by G. (The transitivity of the action is more or less
equivalent to knowing that all nondegenerate symmetric bilinear forms are
equivalent.) For explicit calculations take the standard Q for which the
standard basis {e;} of C" is an orthonormal basis. This time the subgroup H
fixing e, is SO,_; C. From the following exercise, it follows that M has the
sphere S"™! as a deformation retract. By (23.2) the map

7,(80,-,C) » 7,(S0,C)

is an isomorphism for n > 4. So it suffices to look at SO;C. This could be
done by looking at the maps in the sme exact sequence, but we saw in Lecture
10 that SO, C has a two-sheeted covering by SL,C, which is simply connected
by the preceding paragraph, so n,(SO;C) = Z/2, as required.
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The group G = Sp,,C acts transitively on
M = {(v,w) e C*" x C*": Q(v, w) = 1},

where Q is the skew form preserved by G, and the isotropy group is Sp,,_,C.
Since Sp,C = SL,C, the first case is known. By the following exercise, since
M is defined in C*" by a nondegenerate quadratic form, M has $**! as a
deformation retract, so we conclude again by induction. O

Exercise 23.3*. Show that {(z,, ..., z,) € C": ), z? = 1} is homeomorphic to
the tangent bundle to the (n — 1)-sphere, i.e., to

Tgnr = {(, ) € "' x R™ u-v =0}

Using the exact sequence {1} - SL,C - GL,C — C* — {1} we deduce
from the proposition and (23.2) that

n,(GL,C) = Z. (23.4)

Exercise 23.5. Show that for all the above groups G, the second homotopy
groups 7,(G) are trivial.

We digress a moment here to mention a famous fact. Each of the above
groups G has an associated compact subgroup: SU(n) < SL,C, Sp(n) = Sp,,C,
and SO(n) = SO,C. In fact, each of these subgroups is connected, and these
inclusions induce isomorphisms of their fundamental groups.

Exercise 23.6. Prove these assertions by finding compatible actions of the
subgroups on appropriate manifolds. Alternatively, observe that in each case
the compact subgroup in question is just the subgroup of G preserving a
Hermitian form on C" or C2", and use Gram—Schmidt to give a retraction of
G onto the subgroup.

Now, by Proposition 23.1 the simply-connected complex Lie groups corre-
sponding to the Lie algebras g = sl,C, sp,,C, and so,,C are

G =SL,C, Sp,,C, and Spin,C.

We also know the center Z(G) of each of these groups. From Lecture 7 we
also know the other connected groups with these Lie algebras:

» The complex Lie groups with Lie algebra sl,C are SL,C and quotients of
SL,C by subgroups of the form {e*™™- I}, for m dividing n (in particular,
if n is prime the only such groups are SL,C and PSL,C).

+ The complex Lie groups with Lie algebra sp,,C are Sp,,C and PSp,,C.

« The complex Lie groups with Lie algebra so,,,,C are Spin,,,,C and
SO,,+ C.
and

» The complex Lie groups with Lie algebra so,,C are Spin,,C, SO,,C and
PS0O,,C;in addition, if n is even, there are two other groups covered doubly
by Spin,,C and covering doubly PSO,, C [cf. Exercise 20.36].
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These are called the classical groups. In the cases where we have observed
coincidences of Lie algebras, we have the following isomorphisms of groups:

Spin;C ~SL,C and SO,C = PSL,C;
Spin,C =~ SL,C x SL,C and PSO,C =~ PSL,C x PSL,C;
Spin;C ~ Sp,C and SO,C = PSp,C;
and
SpingC = SL,C and PSO¢C =~ PSL,C.

Note that in the first case n = 4 where there is an intermediate subgroup
between SL,C and PSL,C, the subgroup in question is interesting: it turns
out to be SO¢C. In general, however, these intermediate groups seldom arise.

Consider now representations of these classical groups. According to the
basic result of Lecture 7, representations of a complex Lie algebra g will
correspond exactly to representations of the associated simply connected Lie
group G: specifically, for any representation

p:g—gl(V)
of g, setting

p(exp(X)) = exp(p(X))
determines a well-defined homomorphism
p: G - GL(V).

For any other group with algebra g, given as the quotient G/C of G by a
subgroup C = Z(G), the representations of G are simply the representations
of G trivial on C. It is therefore enough to see which of the representations
of the classical Lie algebras described in Part III are trivial on which sub-
groups C < Z(G).

This turns out to be very straightforward. To begin with, we observe that
the center of each group G with Lie algebra g lies in the image of the chosen
Cartan subalgebra §) = g under the exponential map. It will therefore be
enough to know when exp(p(X)) = I for X € b; and since the representations
p of g are particularly simple on } this presents no difficulty.

What we do have to do first is to describe the restriction of the exponential
map to b, so that we can say which elements of ) exponentiate to elements of
Z(G). For the groups that are given as matrix groups, this will all be perfectly
obvious, but for the spin groups we will need to do a little calculation. We
will also want to describe the Cartan subgroup H of each of the classical groups
G, which is the connected subgroup whose Lie algebra is the Cartan sub-
algebra ) of g. For G = SL,C, H is just the diagonal matrices in G, i.e.,

H = {diag(z,, ..., 2,): 2 *..."z, = 1}.

Similarly in Sp,,C or SO,,C, H = {diag(zy, ..., z,, 21, ..., Z; )}, whereas in
SO,,+1C, H = {diag(z,, ..., z,, z1%, ..., 2, , 1)}. In each of these cases the



370 23. Complex Lie Groups; Characters

exponential mapping from b to H is just the usual exponentiation of diagonal
matrices.

To calculate the exponential mapping for Spin,,C, we need to describe the
elements in Spin,,C that lie over the diagonal matrices in SO,,C. This is not
a difficult task. Calculating as in §20.2, we find that for any nonzero complex
number z and any 1 < j < n, and with m = 2n + 1 or m = 2n, the elements

! -1 -1 z—z7!
wj(z)=§(zej-e,,+j+z ej'e) =2z '+ ——)een; (237)

2
in the Clifford algebra are in fact elements of Spin,C. Moreover, if
p: Spin,,C — SO,,C is the covering, the image p(w;(z)) is the diagonal matrix
whose jth entry is z2, (n + j)th entry is z72, and other diagonal entries are 1.
These elements wj(z) also commute with each other, so for any nonzero
complex numbers z,, ..., z, we can define

W(Zys.ony 2,) = Wi(21) Wy(23) ...  Wy(z,) (23.8)

Then p(w(zy, ..., z,)) = diag(z?, ..., z2, z7%, ..., z; ) if m = 2n, while if m =
2n + 1, we get the same diagonal matrix but with a 1 at the end.
Let H; = E;; — E,,; ,+;, the usual basis for ) c so,,C.

Lemma 23.9. For any complex numbers a, ..., a,,
exp(a,H, + - + a,H,) = w(e™?, ..., e*?)
in Spin,,C.

Proor. Since the map exp: h — Spin,,C is determined by the facts that it is
continuous, it takes 0 to 1, and its composite with p is the exponential for
SO,,C, this follows from the preceding formulas. O

Exercise 23.10*. Show that exp(}_a;H;) = 1 if and only if each g is in 2niZ
and ) a; € 4niZ.

We see also that exp(h) contains the center of Spin,C. Indeed,
—1=w(—-1,1,..., 1), and if m is even, the other central elements are + w,
with @ = w(j, ..., i), as we calculated in Exercise 20.36. (This, of course, also
contains the fact that there is a path between 1 and — 1, proving again that
Spin,,C is connected.)

Exercise 23.11*. Verify for all the classical groups G that: (i) H = exp(}) is
a closed subgroup of G that contains the center of G; (ii) the map of funda-
mental groups m, (H, e) - n, (G, e) is surjective; (iii) for any connected covering
n: G’ - G, n~*(H) is connected and is the Cartan subgroup of G

Now let G = G/C be a semisimple Lie group with Lie algebra g and Cartan
subalgebra b. Choose an ordering of the roots, and let I'; be the irreducible
representation of g with highest weight A. The basic fact that we need is
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Lemma 23.12. The representation T, is a representation of G = G/C if and
only if
AMX)€e2niZ whenever exp(X) e C.

Proor. The representation T, is a representation of G when g-v = v for all
g € C, where v is a highest weight vector in I';. Since exp(h) contains C, this
says exp(X)-v = v for all X €l such that exp(X) € C. Now by the naturality
of the exponential map, and since X - v = A(X)vfor X € h, we haveexp(X) v =
e*®y. Hence the condition is that e*®y = v, or that ¢*® = 1 if exp(X) € C,
which is the displayed criterion. O

Let us work this out explicitly for each of the classical groups. It may help
to introduce a notation for the irreducible representations which, among other
virtues, allows some common terminology in the various cases. Note that for
each of sl,,,, 5p,,, 50,,, and so,,,, the root space h* is spanned by weights
we have called L,, ..., L,, so a weight can be written uniquely in form
ALy + -+ A,L,. We may sometimes write A in place of the weight
ALy + -+ A,L,. In the rest of this lecture at least, we write I'; for the
irreducible representation with highest weight A,L; + --- + 4,L,. Note that
by our choice of Weyl chambers the highest weights A = (4,, ..., 4,) that arise
satisfy

A=A, >>2,>20 forsl,,,,sp,, and $0,,4,,

where the /; are all integers in the first two cases, and for so,,,, they are either
all integers or all half-integers; and

M= => > >4, =0 forso,,

with the 4, all integers or all half-integers.

Proposition 23.13. For each subgroup C of the center of G, the representation
T, is a representation of G/C precisely under the following conditions:

(i) G =SL,,,C, C has order m dividing n + 1: Y. 4; = 0 mod(m).
(i) G = Sp2,C, C = {£1}: Y 4 is even.
(iii) G = Spin,,C or Spin,,,,;C, C = {+1}: all ; are integers.
(iv) G = Spin,,C, C = {+1, +w}: all A; are integers, Y ), is even.
(v) G = Spin,,C, n even, C = {1, w}: ZA is an even integer; and for C =
{1, —w}: Y A; — n/2 is an odd integer.

In particular, representations of PSL,,,C are given by partitions A with
Y A;=0mod(n + 1), and those for PSp,,C have )’ 4; even. Case (iii) verifies
what we saw in Lecture 19 about representations of SO,,C. Representations
of PSO,,C correspond to integral partitions A with )’ ; even.

ProoF. With the preceding lemma and the explicit description of everything
in sight, the calculations are routine. In case (i), for example, a generator for
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C is of the form exp(X), with

X = (27!1/"0( Zl Ej,j - nEn+1,n+1>’
j=

and so A(X) = (2ni/m)(} 4;) will be a multiple of 2mi exactly when ) 4; is
divisible by m. For Sp,,C, exp(X) = —1 when X = ni(}_ H;), s0 A(X) = mi ), 4;
and (ii) follows. The calculations are similar for Spin,C, noting that
exp(2mi(H,) = —1 and exp(ni(}_ H))) = w. a

By way of an example, recall that any irreducible representation of sl,C is
of the form Sym*V, where V is the standard two-dimensional representation.
Any such representation, of course, lifts to the group SL,C; but it lifts
to PSL,C = SO,C if and only if k is even (in particular, the “standard”
representation of SO, C on C3 is the symmetric square Sym?V). For another
example, we have seen that any irreducible representation of sp,C may be
found in a tensor product Sym*V ® Sym'W, where V is the standard four-
dimensional representation of sp,C and W < A’V the complement of the
trivial one-dimensional representation. All such representations lift to Sp,C,
but they lift to PSp,C =~ SO;C if and only if k is even—equivalently, if they
are contained in a representation of the form Sym'W ® Sym*(/\>W), where
W is the “standard” representation of SO5C.

Exercise 23.14. Show that each of these semisimple complex Lie groups G has
a finite-dimensional faithtul representation.

The result of the proposition can be put in a more formal setting, which
brings out a feature that our alert reader has surely noticed: the center of
the simply-connected form of g is isomorphic to the quotient group Ay /Ag
of the weight lattice modulo the root lattice. We note first that this abelian
group Ay /Ay is finite. We have seen this for the classical Lie algebras. In
general, we have

Lemma 23.15. The group Ay /Ay is finite, of order equal to the determinant of
the Cartan matrix.

ProoF. The simple roots a form a basis for the root lattice Ag. The correspond-
ing elements H, form a basis for
Ik =Z{H,:yeR},

a lattice in b; this is proved in Appendix D.4. Since Ay is defined to be the
lattice of elements of h* that take integral values on Iy, the determinant

det(x(Hp)) = det(n,g)
is the index [Ay : Ag]. d
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In particular, for the exceptional groups, Ay /Ay is trivial for (G,), (F,), and
(Eg), and cyclic of order two for (E,) and order three for (Eg).

In fact, the center of the simply-connected group is naturally isomorphic
to the dual of Ay /Ag. To express this, consider the natural dual of this last
group. The lattice I'y defined in the preceding proofis a sublattice of the lattice

Iy ={Xebh:a(X)e Zforalloa € R}.
Note that Ay was defined to be the lattice of elements of h* that take integral

values on I'g. It follows formally from the definitions and the fact that Ay /Ag
is finite that we have a perfect pairing

Iw/Tr X Aw/Ag - Q/Z, (X, o) a(X).
The claim is that there is a natural isomorphism from Iy, /T to the center

of G, which is given by the exponential. More precisely, let eg: ) - H < G be
the homomorphism defined by

eq(X) = exp(2niX).

We claim that when G = G is the simply-connected group, Ker(eg) = I'y and
es(Iy ) is the center of G, from which it follows that ez induces an isomorphism

Ty/Tr = Z(G).
More generally, for any G = G/C, define a lattice I'(G) between I' and I, by
I'(G) = Ker(eg).
Then e; determines an isomorphism
Iy /T'(G) = Z(G).

We may thus state our result as

Theorem 23.16. There is a one-to-one correspondence between connected Lie
groups G with the Lie algebra g and lattices A <= b* such that

Arc A cAy.

The correspondence is given by associating to a group G the lattice dual to the
kernel of the exponential map exp: g — G; in particular, the largest lattice Ay
corresponds to the simply-connected group, the smallest Ay to the adjoint group
with no center. In terms of this correspondence, the irreducible representation
V, of g with highest weight A € h* will lift to a representation of the group G
corresponding to A < bh* if and only if A€ A.

Note also that
H=HT(G)=C* x --- x C*,

with n = dim ¢} copies of C*.
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Exercise 23.17*. Show that these claims follow formaily from what we have
seen: that the image of the exponential map contains the center, and that for
any weight o there is a representation V of g whose weight space V, is not zero.
Show also that eg determines an isomorphism I'(G)/Ty = n,(G). In diagram
form,

| P G,
U Center(G) 1
I'(G) G
U n,(G) T
Iy G

Exercise 23.18. Find the kernels of each of the spin and half-spin representa-
tions Spin,,C — GL(S) and Spin,,C - GL(S*).

Exercise 23.19*. Classify the irreducible representations of the full orthogonal
group O,,C.

Note that by our analysis of the Lie algebra g, there is a unique group G,
with this Lie algebra, which is simultaneously the simply-connected and
adjoint forms; the representations of this group are exactly those of the alge-
bra g,. The same is true for the Lie algebras of type (F,) and (Eg), while (E,)
and (E) each have two associated groups, an adjoint one with fundamental
group Z/2 and Z/3, and a simply-connected form with center Z/2 and Z/3
respectively.

It may be worth pointing out that each complex simple Lie group G can
be realized as a closed subgroup defined by polynomial equations in some
general linear group, i.e., that G is an affine algebraic group. Every irreducible
representation G —» GL(V) is also defined by polynomials in appropriate
coordinates. This explains why the whole subject can be developed from the
point of view of algebraic groups, as in [Borl] and [Hu2].

The Weyl group I, which we defined as a subgroup of Aut(h*), can be
interpreted in terms of any connected Lie group G with Lie algebra g. Let H
be the Cartan subgroup corresponding to b, and let N(H) be the normalizer:

N(H)={ge G:gHg™' = H}.
We have homomorphisms:
N(H) - Aut(H) - Aut(h) — Aut(h*),

the first defined by conjugation, the second by differentiation at the identity,
and the third using the identification of § and h* via the Killing form. Fact
14.11 can be sharpened to the claim that this map determines an isomorphism

N(H)/N = . (23.20)

When G is the adjoint form of the Lie algebra, this isomorphism is proved
in Appendix D. The general case follows, using:
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Exercise 23.21. Show that if 7: G’ > G is a connected covering, with Cartan
subgroups H' = n~!(H), then the induced map N(H')/H' — N(H)/H is an
isomorphism.

Exercise 23.22. For each of the classical groups, and each simple root «, find
an element in N(H) that maps to the reflection W, in 1B.

§23.2. Representation Rings and Characters

Just as with finite groups, we can form the representation ring R of a semi-
simple Lie algebra or Lie group: take the free abelian group on the isomorphism
classes [ V] of finite-dimensional representations V, and divide by the relations
[V]1=[V']+ [V"] whenever V = V' @ V". By the complete reducibility of
representations, it follows as before that R is a free abelian group on the classes
[V] of irreducible representations. Again, the tensor product of representa-
tions makes R into a ring: [V]-[W] = [V ® W]. Many of our questions
about decomposing representations and tensor products of representations
can be nicely encoded by describing R more fully. We do this first for the Lie
algebras.

For a semisimple Lie algebra g, let A = Ay be the weight lattice, and let
Z[A] be the integral group ring on the abelian group A. We write e(4) for the
basis element of Z[A] corresponding to the weight 4; for now at least these
are just formal symbols, having nothing to do with exponentials (but see
(23.40)). Elements of Z[ A] are expressions of the form ) n,e(4), i.., they assign
an integer n, to each weight 1, with all but a finite number being zero. So Z[A]
is a natural carrier for the information about multiplicities of representations.
Define a character homomorphism

Char: R(g) - Z[A] (23.23)

by the formula Char[V'] = Y dim(V,)e(4), where V, is the weight space of V
for the weight 4 and dim(V)) its multiplicity. This is clearly an additive
homomorphism.

The first assertion about this character map is that it is injective. This comes
down to the fact that a representation is determined by the multiplicities of
its weight spaces, which is something we saw in Lecture 14.

The product in the group ring Z[A] is determined by e(®)- e(8) = e(a + B).
We claim next that Char is a ring homomorphism. This comes from the familiar
fact that

VeWw),= @ V.QW.
utv=4

The Weyl group 8 acts on Z[A], and a third simple claim is that the image
of Char is contained in the ring of invariants Z[A]®. This comes down to the
fact that, for an irreducible (and hence for any) representation V, the weight
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spaces obtained by reflecting in walls of the Weyl chambers all have the same
dimension.

Let w,, ..., w, be a set of fundamental weights; as we have seen, these are
the first weights along edges of a Weyl chamber, and they are free generators
for the lattice A. Let I, ..., T, be the classes in R(g) of the irreducible
representations with highest weights w,, ..., ®,.

Theorem 23.24. (a) The representation ring R(g) is a polynomial ring on the
variables Ty, ..., T,.

(b) The homomorphism R(g) = Z[A]® is an isomorphism.

In particular, this says that Z[A]® is a polynomial ring on the variables
Char(Iy), ..., Char(T}). In fact, the theorem is equivalent to this assertion,
since if we take variables Uy, ..., U, and map the polynomial ring on the U,
to R(g) by sending U; to I';, we have

Z[U,,...,U] - R(g) » Z[A]™

If the composite is an isomorphism, the second being injective, both must be
isomorphisms, which is what the theorem says.

In spite of its fancy appearance, we will see that the theorem follows quite
easily from what we know about the action of the Weyl group 2 on the
weights.

For any P € Z[A] let us say that a is a highest weight for P if the coefficient
of e(«) in P is nonzero, and, with a chosen ordering of weights as before, o is
the largest such weight. We first observe that if P is invariant under 28, then
the highest weight for P is in #" n A, where # is our chosen (closed) Weyl
chamber. In general, weights in # N A are often referred to as dominant
weights.

Now suppose {P,} is any collection of elements in Z[A]™, one for each
dominant weight 4, such that P, has highest weight 1 and the coefficient of
e(A) is 1. We claim that the P, form an additive basis for Z[A]™ over Z. This
is easy to see and is the same argument used in the theory of symmetric
polynomialsin any algebra text: given P with highest weight 4, if the coefficient
of e(4) is m, then P — mP, is invariant whose highest weight is lower, and one
continues inductively until one reaches weight zero, i.e., the constants.

Let P, = Char(T;), which has highest weight w;, and suppose the coefficient
of e(w;) is 1. Since any weight 1 € #” N A can be uniquely expressed in the
form 2 = )’ m;w;, for some non-negative integers m;, and the highest weight
of [T ()™ is Y m,w,, it follows that the monomials [] ()™ in P,, ..., P, form
an additive basis for Z[A]™. This says precisely that Z[P,, ..., P,] = Z[A]®,
and completes the proof. a

Let us work this out concretely for each of our cases sl,,,; C, sp,C, $0,,.,C,
and s0,,C. Each lattice A contains weights we have called L,, ..., L,; in the
first case we also have L,,, with L, + --- + L,,; = 0. We set
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x; = e(L)), x;1 =e(—L;) e Z[A] (23.25)
Note that in case L,, ..., L, is a basis for A, then
ZIAl = Z[Xg, oos X XT5 ooy X7 ) = Z[X 1y ey Xy (g 7o X))

as a subring of the field Q(x,, ..., x,).
(A,) For sl,,,C, fundamental weights are

Lls L1+L2, L1+L2+L3""’Ll+..-+Ln,

corresponding to the irreducible representations V, A%V, ..., A"V, with
V = C"*! the standard representation. The character of \*V is )_ e(a), the sum
over all a that are sums of k different L; for 1 < i < n + 1. So Char(A\*V) = 4,,
where A, is the kth elementary symmetric function of x,, ..., X,+,. The Weyl
group is the symmetric group S, ,, acting by permutation on the indices, so
the theorem in this case says that

R(sl,,,) = Z[A]® = Z[A,, ..., A,) (23.26)

Note that Z[A] = Z[x, ..., Xps Xp+11/(X1 ...  Xpsy — 1), 50 Z[A] has an
additive basis consisting of all monomials x?, with « an n-tuple of non-negative
integers, but with not all a; positive.

(C,) For sp,,C, the lattice A and fundamental weights have the same
description as in the preceding case. The corresponding irreducible represen-
tations are the kernels V™ of the contraction maps A*V — A*~2¥, with now
¥ = C?" the standard representation, k = 1, ..., n. The character of A*V is
Y. e(a), the sum over all « that are sums of k different +L; for 1 <i < n. The
character Char(/\V) is thus the elementary symmetric polynomial C, in the
variables x,, x{!, x,, x3%, ..., x,, x, . The theorem then says that

R(sznC) = Z[/\]!B = Z[Cla C2 - 13 C3 - Cl, IREE} Cn - Cn—Z]
=Z[C,, C,, Cs,...,C,]
(B,) For s0,,,,C, A is spanned by the L, together with (L, + --- + L,).
The fundamental representations are ¥, A2V, ..., A""'V, and the spin
representation S. The character of A*V is the kth elementary symmetric

function of the 2n + 1 elements x,, x;%, ..., x,, x; ', and 1; denote this by B,.
The character of S, which we denote by B, is the sum ¥ x'?-...- xt'?, where

X2 =e(Lf2), X7V =e(~Ly2) (23.28)

(23.27)

So Bis the nth elementary symmetric polynomial in the variables x;*? + x; /2.

Therefore,
R(s0,,,,C) = Z[A]® = Z[B,, ..., B,_,, B]. (23.29)

(D,) For s0,,C, A and Z[A] are the same as in the preceding case.
The fundamental representations are V, A2V, ..., A" 2V, and the half-spin
representations S* and S”. The character of A*V, denoted D,, is the kth
elementary symmetric function of the 2n elements x,, x7?, ..., x,, x,'. The
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character D* of S* is the sum ) x{'2-...-x}'2, where the number of plus
signs is even or odd according to the sign. We have
R(50,,C) = Z[A]® = ..[D,, ..., D,_,, D*, D"]. (23.30)

Exercise 23.31*. (a) Prove the following relation in R($0,, ., C):
B>=B,+ -+ B +1,
corresponding to the isomorphism
SQS=NVD - dNVANV.

This describes R(s0,,,, C) as a quadratic extension of the ring Z[B,, ..., B,].

(b) Let D; (respectively, D;’) be the character of the representation whose
highest weight is twice that of D* (resp., D7), so that, for example, the sum of
the representations D; and D, is A"V. Prove the relations in R(so,,C):

D+'D+=D:+D,,_2+D,,_4+"',
D™ D" =D, +D, ,+D,_4+",
D+.D—= n—l+Dn—3+Dn—5+”-'

We can likewise describe the representation ring for g,. Here, we may take
as generators for the weight lattice the weights L, and L, as pictured in the

-
o

and correspondingly write Z[A] as Z[x,, xi%, x,, x3'], where x; = e(L;). It
will be a little more symmetric to introduce Ly = —L, — L, as pictured and
x3 = x7!-x3* = e(L;), and write

Z[A] = Z[xy, X2, X3]/(x1 X253 — 1).
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In these terms the Weyl group is the group I generated by the symmetric
group G, permuting the variables x; and the involution sending each x; to x; ..
The standard representation has weights + L; and 0, and so has character

A= A(Xg, X2, X3) = L4 x; + X714+ x5 +x3" + X3 + x5

Similarly, the adjoint representation has weights +L;, +(L; — L;), and 0
(taken twice); its character is

B = A(xy, X3, X3) + A(x1/X;, X2/X3, X3/%4).
The theorem thus implies in this case the equality

R(g,) = Z[A]® = Z[ 4, B]. (23.32)

Exercise 23.33. Verify directly the statement that any element of Z[x, X,, X3]/
(x;x,x; — 1)invariant under the group 2B as described is in fact a polynomial
in A and B.

Similarly we can define the representation ring R(G) of a semisimple group
G. When G is the simply-connected form of its Lie algebra g, R(G) = R(g),
so R(SL,C), R(Sp,,C), R(Spin,,,;C), and R(Spin,,C) are given by (23.26),
(23.27), (23.29), and (23.30). In general, R(G) is a subring of R(g); we can read
off which subring by looking at Proposition 23.13. We have, in fact,

R(SO,,+,C)=Z[B,,...,B,]; (23.34)
R(SO,,C) = Z[D,,...,D,_,, D}, D;], (23.35)
with D;f and D, as in Exercise 23.31. But this time there is one relation:
D +D, 3+ D, g+ -+ 1)Dy +Dyy+ Dy +-+1)
=Dy—y + D3z + - +)%

Exercise 23.36*.

(a) Prove (23.34).

(b) Show that the relation in (23.35) comes from Exercise 23.31(b). Show that
R(S0,,C) is the polynomial ring in the n + 1 generators shown, modulo
the ideal generated by the one polynomial indicated.

(c) Describe the representation rings for the other groups with these simple
Lie algebras.

(d) Prove the isomorphism

R(GL,C) = Z[E,, ..., E,, E;*],

where the E, are the elementary symmetric functions of x,, ..., x,.

Exercise 23.37*. (a) Show that the image of R(O,,C) in R(SO,,C) is the poly-
nomial ring Z[B,, ..., B,]if m = 2n + 1, and Z[D,, ..., D,] if m = 2n.
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(b) Show that
R(O2+1C) = R(SO,,+,C) ® R(Z/2)
= Z[Bl, L XEX) Bm BZu+1]/((B2n+l)2 - 1)

and
R(OZnC) = Z[DU EERR) Dm D2n]/1;
where I is the ideal generated by (D,,)*> — 1 and D,D,, — D,.

Exercise 23.38*. The mapping that takes a representation V to its dual V*
induces an involution of the representation ring: [V ]* = [V*]. The ring Z[A]
has an involution determined by (e(4))* = e(—4). Show that the character
homomorphism commutes with these involutions. Show that for sl,,,,
(A)* = Apyq_y;for s0,,,,C,and sp,,C, and s0,,C for neven, the involution is
the identity; while for so,,C with n odd, (D,)* = D,,(D*)* = D~,(D™)* = D*.
Deduce that all representations of all symplectic and orthogonal groups are
self-dual. Note that when = is the identity, all representations are self-dual. In
the other cases, compute the duals of irreducible representations with given
highest weight.

The following exercise deals with a special property of the representation
rings of semisimple Lie groups and algebras.

Exercise 23.39*. The representation rings R = R(g) and R(G) have another
important structure: they are A-rings. There are operators

A:R(G)-RG), i=0,1,2,...,

determined by A{([V]) = [A'V] for any representation V.

(a) Show that this determines well-defined maps, satisfying 1° = 1, 4! = Id,
and

Mx+y)= Y A(x) Ay
i+j=k

for any x and y in R. In fact, R is what is called a special A-ring: there are
formulas for A(x - y) and A(4/(x)), valid as if x and y could be written as sums
of one-dimensional representations (see, e.g., [A-T]).

(b) Show that A’ extends to Z[A], and use this to verify that R(G)is a special
A-ring.

Define Adams operators y*: R — R by y*(x) = P,(A'x, ..., A"x), where P, is
the expression for the kth power sum (cf. Exercise A.32) in terms of the
elementary symmetric functions, n > k. Equivalently,

Yrx) — Y x)AN(x) + o + (= 1)*kAR(x) = 0.

(c) Show that, regarding R as the ring of functions on the group G,
(*x)(g) = x(g"*). Equivalently, y*(e(4)) = e(kA).
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(d) Show that each y* is a ring homomorphism, and y* o y! = y**'.
(e) Show that for a representation V,

Char(Sym?V) = 4 Char(V)? + Ly?(Char(V)),
Char(A2V) = 1 Char(V)? — Ly*(Char(V)).

Show that Char(Sym?V) and Char(/\?V) can be written as polynomials in
Y*(Char(V)), 1 <k <d.

Formal Characters and Actual Characters

Let G be a Lie group with Lie algebra g. For any representation V of g, the
image of [V] € R(g) in Z[A] is called the formal character of V. As it turns
out, this formal character can be identified with the honest character of the
corresponding representation of the group G, restricted to the Cartan sub-
group H:

(23.40) IfChar(V) = Z me() is the formal character, and exp(X) is an element
of H, then the trace of exp(X) on V is ) m,e*®.

This is simply because exp(X) acts on the weight space ¥, by multiplication
by e*¥), as we have seen. In particular, a representation is determined by the
character of its restriction to a Cartan subgroup.

Another common notation for this is to set e(X) = exp(2niX), and
e(z) = exp(2miz). Then the trace of e(X) is ) m,e(x(X)).

Exercise 23.41. As a function on H, the character of a representation is
invariant under the Weyl group I8 = N(H)/H. Describe R(G) as a ring of
B-invariant functions on H.

This is also compatible with our descriptions of elements of Z[A]™ as
Laurent polynomials in variables x; or x2. For SL,,, C, for example, if the
character Char(W) of a representation W is P(x,, ..., X,,,), the trace of the
matrix diag(z,, ..., z,+;)on Vis P(z, ..., z,4,). Similarly for the other groups,
using the diagonal matrices described in the first section of this lecture. For
the spin groups, the element w(z,, ..., z,) defined in (23.8) has trace given
by substituting z; for x}%, and z;* for x;'? in the corresponding Laurent
polynomial.

Exercise 23.42*. If g, and g, are two semisimple Lie algebras, show that

R(g, x g;) = R(g,) ® R(g,).

Exercise 23.43*. (a) For the natural inclusion sl,C c sl,,, C, restriction of
representations gives a homomorphism R(sl,,; C) = R(sl,C), which can be
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described by saying what happens to the polynomial generators. Since
N(C" @ C) = NY(C") @ NI(C™), this is

Ay A + Ay
Give the analogous descriptions for the following inclusions:
$P2-2C < 5p2,C, $02,C < 50,4, C, $02,-1C < $0,,C;
sl,C c sp,,C, sl,C < s0,,,,C, sl,C c s0,,C;

sp,,C < sl,,C, $0,,+,C < sl,,4,C, $0,,C < sl,,C.

(b) The inclusion sl,C x sl,C < sl,,,,C determines a restriction homo-
morphism R(sl,,,,C) = R(sl,C x sl,C) = R(sl,C) ® R(sl,,C), which takes
polynomial generators A, to 4, ® 1 + 4,_; ® 4; + -- + 1 ® A,. Compute
analogously for

5pZnC X szmC < 5pZn+2mCa SD"C X somC < 50n+mC'

Which of these inclusions correspond to removing nodes from the Dynkin
diagrams?

Exercise 23.44. Compute the isomorphisms of representation rings corre-
sponding to the isomorphisms sl,C = s0,C, s05C = sp,C, and sl,C = so4C.

§23.3. Homogeneous Spaces

In this section we will introduce and describe the compact homogeneous
spaces associated to the classical groups. As we will see, these are classified
neatly in terms of Dynkin diagrams, and are, in turn, closely related to the
representation theory of the groups acting on them. Unfortunately, we are
unable to give here more than the barest outline of this beautiful subject; but
we will at least try to say what the principal objects are, and what connections
among them exist. In particular, we give at the end of the section a diagram
(23.58) depicting these objects and correspondences to which the reader can
refer while reading this section.

We begin by introducing the notion of Borel subalgebras and Borel sub-
groups. Recall first that a choice of Cartan subalgebra }) in a semisimple Lie
algebra g determines, as we have seen, a decomposition g = b @ P, g .- TO
each choice of ordering of the root system R = R* U R™, we can associate a
subalgebra

b=h® @R 8as
called a Borel subalgebra. Note that b is solvable, since 2b < Pag,,

2?b < @gaﬂg, etc. In fact, b is a maximal solvable subalgebra (Exercise
14.35).
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If G is a Lie group with semisimple Lie algebra g, the connected subgroup
B of G with Lie algebra b is called a Borel subgroup.

Claim 23.45. B is a closed subgroup of G, and the quotient G/B is compact.

Proor. Consider the adjoint representation of G on g. The action of the Borel
subalgebra b obviously preserves the subspace b < g, and, in fact, b is just the
inverse image of the subalgebra of gl(g) preserving this subspace: if X = ) X,
is any element of g with X, € g, and X, # 0 for some « € R™, we could find an
element H of h = b with ad(X)(H) ¢ b—any H not in the annihilator of « € h*
would do. B is thus (the connected component of the identity in) the inverse
image in G of the subgroup of GL(g) carrying b into itself. It follows that B is
closed; and the quotient G/B is contained in a Grassmannian and hence
compact. (Alternatively, we could consider the action of G on the projective
space P(/A"g), where m is the number of positive roots, and observe that B is
the stabilizer of the point corresponding to the exterior product of the positive
root spaces.)

In fact, in the case of the classical groups, it is easy to describe the Borel
subgroups and the corresponding quotients.

For G = SL,,,C, B is the group of all upper-triangular matrices in G, i.e.,
those automorphisms preserving the standard flag. It follows that G/B is the
usual (complete) flag manifold, i.e., the variety of all flags

GB={0cV,c--cV,cC"}

of subspaces with dim(V,) =r.

For G = SO,,,,C the orthogonal group of automorphisms of C**** pre-
serving a quadratic form Q, B is the subgroup of automorphisms which
preserve a fixed flag V, c --- = V, of isotropic subspaces with dim(V,) =r.
All such flags being conjugate, G/B is the variety of all such flags, i.e.,

G/B={0cV, e cV,cC:Q(,V,) =0}

Note that B automatically preserves the flag of orthogonal subspaces, so that
we could also characterize G/B as the space of complete flags equal to their
orthogonal complements, i.e.,

G/B = {V1 c e h,c c2H: WV, Vaper—i) = O}-

The same holds for Sp,,C: the Borel subgroups B = Sp,,C are just the
subgroups preserving a half-flag of isotropic subspaces, or equivalently a full
flag of pairwise complementary subspaces; and the quotient G/B is corre-
spondingly the variety of all such flags.

For G = SO,,C, B fixes an isotropicflag V;, < -+ <= ¥,_;, and

GB={0cV,c - cVycC™QWpey, Voi) = 0}.

Exercise 23.46. With our choice of basis {¢;}, let ¥, be the subspace spanned
by the first r basic vectors. If B is defined to be the subgroup that preserves
V, for 1 <r < n, verify that the Lie algebra of B is spanned by the Cartan
subalgebra and the positive root spaces described in Lectures 17 and 19.
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We now want to consider more general quotients of a semisimple complex
group G. To begin with, we say that a (closed, complex analytic, and con-
nected!) subgroup P of G is parabolic if the quotient G/P can be realized as
the orbit of the action of G on P(V) for some representation V of G. In
particular, G/P is a projective algebraic variety. It follows from the proof of
Claim 23.45 that any Borel subgroup B of G is parabolic. The following two
claims characterize parabolic subgroups as those containing a Borel sub-
group, i.e., the Borel subgroups are exactly the minimal parabolic subgroups.

Claim 23.47. If B is a Borel subgroup and P a parabolic subgroup of G, then
there is an x € G with

B < xPx™ 1.

Claim 23.48. If a subgroup P of G contains a Borel subgroup B, then P is
parabolic.

The first claim is deduced from a version of Borel’s fixed point theorem: if
B is a connected solvable group, ¥ a representation of B and X <« PV a
projective variety carried into itself under the action of B on PV, then B
must have a fixed point on X. This is straightforward: we observe (by Lie’s
theorem (9.11)) that the action of the solvable group B on V must preserve a
flag of subspaces

OcVic-cV,=V

with dim(¥}) = i. We can thus find a subspace V; = V fixed by B such that X
intersects PV; in a finite collection of points, which must then be fixed points
for the action of B on X. As for Claim 23.48 we will soon see directly how
G/ P is a projective variety whenever P is a subgroup containing B.

We can now completely classify the parabolic subgroups of a simple group,
up to conjugacy. By the above, we may assume that P contains a Borel
subgroup B. Correspondingly, its Lie algebra p is a subspace of g containing
b and invariant under the action of B on g; i.., it is a direct sum

p=bH® P,

aeT

for some subset T of R that contains all positive roots. Now, in order for p to
be a subalgebra of g, the subset T must be closed under addition (that is, if
two roots are in T, then either their sum is in T or is not a root). Since, in
addition, T contains all the positive roots, we may observe that if a, , and y
are positive roots with o« = # + y, then we must have

—aeT=—peTand —y€eT

! It is a general fact that P must be connected if G/P is a projective variety.
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Clearly, any such subset T must be generated by R* together with the
negatives of a subset X of the set of simple roots. Thus, if for each subset
of the set of simple roots we let T(Z) consist of all roots which can be written
as sums of negatives of the roots in X, together with all positive roots, and
form the subalgebra

PE)=b® D 6 (23.49)

aeT(X)

then p(Z) is a parabolic subalgebra, the corresponding Lie group P(X) is a
parabolic subgroup containing B, and we obtain in this way all the parabolic
subgroups of G. We can express this as the observation that, up to conjugacy,
parabolic subgroups of the simple group G are in one-to-one correspondence
with subsets of the nodes of the Dynkin diagram, i.e., with subsets of the set of
simple roots.

Examples. In the case of sl;C, there is a symmetry in the Dynkin diagram, so
that there is only one parabolic subgroup other than the Borel, corresponding
to the diagram

o——0

This, in turn, gives the subset of the root system

R*

corresponding to the subgroup

and the homogeneous space
G/P = P2
In the case of sp,C, there are two subdiagrams of the Dynkin diagram:

«e—< D md T —<X—®

these correspond to the subsets of the root system
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and

(Here we are using a black dot to indicate an omitted simple root, a white dot
to indicate an included one.) The corresponding subgroups of Sp,C are those
preserving the vector e,, and preserving the subspace spanned by e; and e,,
respectively. The quotients G/B are thus the variety of one-dimensional iso-
tropic subspaces (i.e., the variety P3 of all the one-dimensional spaces) and
the variety of two-dimensional isotropic subspaces.

Exercise 23.50. Interpret the diagrams above as giving rise to parabolic
subgroups of the group SO;C of automorphisms of C> preserving a symmetric
bilinear form. Show that the corresponding homogeneous spaces are the
variety of isotropic planes and lines in C3, respectively. In particular, deduce
the classical algebraic geometry facts that:

(i) The variety of isotropic 2-planes for a nondegenerate skew-symmetric
bilinear form on C* is isomorphic to a quadric hypersurface in P*.

(i) The variety of isotropic 2-planes for a nondegenerate symmetric bilinear
form on C* (equivalently, lines on a smooth quadric hypersurface in P*)
is isomorphic to P3.

In general, it is not hard to see that any parabolic subgroup P in a classical
group G may be described as the subgroup that preserves a partial flag in
the standard representation. In particular, a maximal parabolic subgroup,
corresponding to omitting one node of the Dynkin diagram, may be described
as the subgroup of G preserving a single subspace. Thus, for G = SL,,C, the
kth node of the Dynkin diagram

oO—O0—08—O0—"0—0—0—0—=0

corresponds to the Grassmannian G(k, m) of k-dimensional subspaces of C™.
(Note that the symmetry of the diagram reflects the isomorphism of the
Grassmannians G(k, m) and G(m — k, m).)

For Sp,,C, the kth node of the Dynkin diagram

O0—0—8—0—0—0—0—0XD



§23.3. Homogeneous Spaces 387

corresponds to the Lagrangian Grassmannian of isotropic k-planes, for k = 1,
2, ..., n. Similarly, for G = SO,,,,C, the kth node of the Dynkin diagram
corresponds to the orthogonal Grassmannian of isotropic k-planes in C"**.
Finally, for SO,,C,fork = 1,2,...,n — 2 the kth node of the Dynkin diagram

ool

yields the orthogonal Grassmannian of isotropic k-planes in C", but there is
one anomaly: either of the last two nodes

ool

gives one of the two connected components of the Grassmannian of isotropic
n-planes.

Exercise 23.51*. Compute p(X) directly for each of the classical groups, and
verify the above statements. Why is the orthogonal Grassmannian of isotropic
(n — 1)-planes in C2" not included on the list?

As we saw already in Exercise 23.50, the low-dimensional coincidences
between Dynkin diagrams can be used to recover some facts we have seen
before. For example, the coincidence (D,) = (A;) x (A,) identifies the two
family of lines on a quadratic surface in P® with two copies of P!. The
coincidence (A;) = (D,)

gives rise to two identifications of marked diagrams: we have
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corresponding to the isomorphism between the Grassmann varieties
P3 = G(1, 4), P? = G(3, 4) and the two components of the family of 2-planes
on a quadric hypersurface Q in P3; and

E

corresponding to the isomorphism of the Grassmannian G(2,4) with the
quadric hypersurface Q itself. Finally, an observation that is not quite so
elementary, but which we saw in §20.3: the identification of the diagrams

n

says that either connected component of the variety of 3-planes on a smooth
quadric hypersurface Q in P7 is isomorphic to the quadric Q itself.

There is another way to realize the compact homogeneous spaces associated
to a simple group G. Let V =TI, be an irreducible representation of G with
highest weight A, and consider the action of G on the projective space PV. Let
p € PV be the point corresponding to the eigenspace with eigenvalue 4. We
have then

Claim 23.52. The orbit G- p is the unique closed orbit of the action of G on PV.

Proor. The point p is fixed under the Borel subgroup B, so that the stabilizer
of p is a parabolic subgroup P;; the orbit G/P, is thus compact and hence
closed. Conversely, by the Borel fixed point theorem, any closed orbit of G
contains a fixed point for the action of B; but p is the unique point in PV fixed
by B. O

In fact, it is not hard to say which parabolic subgroup P, is, in terms of the
classification above: it is the parabolic subgroup corresponding to the subset of
simple roots that are perpendicular to the weight A. Now, sets ¥ of simple
roots correspond to faces of the Weyl chamber, namely, the face that is the
intersection of all hyperplanes perpendicular to all roots in X.

We thus have a correspondence between faces of the Weyl chamber and
parabolic subgroups P, such that if V =T, is the irreducible representation
with highest weight 4, then the unique closed orbit of the action of G on PV
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is of the form G/P, where P is the parabolic subgroup corresponding to the
open face of #” containing A. In particular, weights in the interior of the Weyl
chamber correspond to P, = B, and so determine the full flag manifold G/B,
whereas weights on the edges give rise to the quotients of G by maximal
parabolics. Note that we do obtain in this way all compact homogeneous
spaces for G.

For example, we have the representations of SL,C: as we have seen, the
representations Sym*V and Sym*V'*, with highest weights on the boundaries
of the Weyl chamber, have closed orbits {v*},., and {I*},.,+ isomorphic to
PV and PV*. By contrast, the adjoint representation—the complement of
the trivial representation in Hom(V, V) = V ® V*—has as closed orbit the
variety of traceless rank 1 homomorphisms, which is isomorphic to the flag
manifold via the map sending a homomorphism ¢ to the pair (Im @, Ker ¢).
The picture is

representations Sym*V*
have closed orbit P2
adjoint representation has
closed orbit the flag manifold
(= hyperplane section of
PV X PV* c P(V @V¥) = P®)

—@ L J
representations Sym*V
have closed orbit P2

In general, if V is the standard representation of SL,C, in the representa-
tions of SL,C of the form W = Sym*V we saw that the vectors of the form
{v*},y formed a closed orbit in PW, called the Veronese embedding of P"!.
Likewise, in representations of the form W = /A*V the decomposable vectors
{vy A vy A+ A v} formed a closed orbit in PW; this is the Pliicker embedd-
ing of the Grassmannian.

Similarly, we may identify the closed orbits in representations of Sp,C.
Recall here that the basic representations of Sp,C are the standard represen-
tation V =~ C* and the complement W of the trivial representation in the
exterior square A?V; all other representations are contained in a tensor
product of symmetric powers of these. Now, Sp,C acts transitively on PV;
the closed orbit is all of P3. In general, in P(Sym*V) the closed orbit is just
the set of vectors {v*},., = P3. By contrast, the closed orbit in PW is just the
intersection of the hyperplane PW < P(/A?V) with the locus of decomposable
vectors {v A w}, ,,.y; this is the variety
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X ={v A w:Q(v,w) =0}

of isotropic 2-planes A < V for the skew form Q.

representation W has
closed orbit a quadric
hypersurface in PW

— |
representations Sym‘V
have closed orbit [P

For the group Spin,, ., C, the closed orbit of the spin representation S is
the orthogonal Grassmannian of n-dimensional isotropic subspaces of C*"**.
The corresponding subvariety

G/P < P(S)

is a variety of dimension (n + 1)n/2in P¥, N = 2" — 1, called the spinor variety,
or the variety of pure spinors. Similarly for Spin,,C, the two spin representa-
tions S* and S give embeddings of the two components of the orthogonal
Grassmannian of n-dimensional isotropic subspaces of C?*, one in P(S*), one
in P(S7). These spinor varieties have dimension n(n — 1)/2 in projective spaces
of dimension 2" — 1.

Exercise 23.53. Show that the spinor variety for Spin,,_; C is isomorphic to
each of the spinor varieties for Spin,,C. In fact they are projectively equivalent
as subvarieties of projective space PY, N = 2! — 1.

It follows that, for m < 8, the spinor varieties for Spin,,C are isomorphic
to homogeneous spaces we have described by other means. The first new one
is the 10-dimensional variety in P35, which comes from SpingC or Spin,,C.

It is worth going back to interpret some of the “geometric plethysm” of
earlier lectures (e.g., Exercises 11.36 and 13.24) in this light.

Finally, we can describe (at least one of) the compact homogeneous spaces
for the group G, in this way. To begin with, G, has two maximal parabolic
subgroups, corresponding to the diagrams

—=—=® ad E==0
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These are the groups whose Lie algebras are the parabolic subalgebras spanned
by the Cartan subalgebra ) = g together with the root spaces corresponding
to the roots in the diagrams

and

In particular, each of these parabolic subgroups will have dimension 9, so
that both the corresponding homogeneous spaces will be five-dimensional
varieties. We can use this to identify one of these spaces: if V is the standard
seven-dimensional representation of G,, the closed orbit in PV =~ P°® will be
a hypersurface, which (since it is homogeneous) can only be a quadric hyper-
surface. Thus, the homogeneous space for G, corresponding to the diagram

| =—===¢)

is a quadric hypersurface in P®. In particular, we see again that the action of
G, on V preserves a nondegenerate bilinear form, i.e., we have an inclusion

G, < SO,C.

The other homogeneous space Y of g, is less readily described. One way
to describe it is to use the fact that the adjoint representation W of g, is
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contained in the exterior square A?V of the standard. Since the Grassmannian
G(1,7) = P(A\*V) of lines in PV is closed and invariant in P(A?V), it follows
that Y is contained in the intersection of G with the subspace PW < P(/\?V).
In other words, in terms of the skew-symmetric trilinear form w on V preserved
by the action of G,, we can say that Y is contained in the locus

T={AcV:o/A-)=0}cGQ2V).
Problem 23.54.Is Y = X?

Exercise 23.55. Show that the representation of E¢ whose highest weight is
the first fundamental weight w, determines a 16-dimensional homogeneous
space in P26,

These homogeneous spaces have an amazing way of showing up as extremal
examples of subvarieties of projective spaces, starting with a discovery of
Severi that the Veronese surface in P is the only surface in P* (nonsingular
and not contained in a hyperplane) whose chords do not fill up P>. For recent
work along these lines, see [L-VdV], with its appendix by Zak on interesting
projective varieties that arise from representation theory.

Although we have described homogeneous spaces only for semisimple Lie
groups, this is no real loss of generality: any irreducible representation V of a
Lie group G comes from a representation of its semisimple quotient, up to
multiplying by a character (see Proposition 9.17), and this character does not
change the orbits in P(V).

It is possible to take this whole correspondence one step further and
use it to give a construction of the irreducible representations of G; this is
the modern approach to constructing the irreducible representations, due
primarily to Borel, Weil, Bott, and, in a more general setting, Schmid. We do
not have the means to do this in detail in the present circumstances, but we
will sketch the construction.

The idea is very straightforward. We have just seen that for every irreduc-
ible representation ¥ of G there is a unique closed orbit X = G/P of the action
of G on PV. We obtain in this way from V a projective variety X together with
a line bundle L on X invariant under the action of G (the restriction of the
universal bundle from PV). In fact, we may recover V from this data simply
as the vector space of holomorphic sections of the line bundle L on X. What
ties this all together is the fact that this gives us a one-to-one correspondence
between irreducible representations of G and ample (positive) line bundles on
compact homogeneous spaces G/P. More generally, using the projection maps
G/B — G/P, we may pull back all these line bundles to line bundles on G/B.
This then extends to give an isomorphism between the weight lattice of g and
the group of line bundles on G/B, with the wonderful property that for
dominant weights 4, the space of holomorphic sections of the associated line
bundle L, is the irreducible representation of G with highest weight A.
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The point of all this, apart from its intrinsic beauty, is that we can go
backward: starting with just the group G, we can construct the homogeneous
space G/B, and then realize all the irreducible representations of G as co-
homology groups of line bundles on G/B. To carry this out, start with a weight
4 € h* for g. We have seen that 1 exponentiates to a homomorphism H — C¥,
i.e., it gives a one-dimensional representation C, of H. We want to induce this
representation from H to G.If H = B < G is a Borel subgroup, the representa-
tion extends trivially to B, since B is a semidirect product of H and the
nilpotent subgroup N whose Lie algebra is the direct sum of those g, for
positive roots a. Then we can form

L,=G x5C,
=(G x C)/{(g,v) ~ (9x, x"'v), x € B},

which, with its natural projection to G/B, is a holomorphic line bundle on the
projective variety G/B. The cohomology groups of such a line bundle are finite
dimensional, and since G acts on L,, these cohomology groups are representa-
tions of G.

We have Bott’s theorem for the vanishing of the cohomology of this line
bundle:

Claim 23.56. H(G/B, L,) = 0 for i # i(}),

where i(4) is an integer depending on which Weyl chamber 4 belongs to. If A is
a dominant weight (i.e., belongs to the closure of the positive Weyl chamber
for the choice of positive roots used in defining B), then i(— 4) = 0. In this case
the sections H°(G/B, L_,) are a finite-dimensional vector space, on which G
acts.

Claim 23.57. For A a dominant weight, the space of sections H°(G/B, L_,) is the
irreducible representation with highest weight A.

In this context the Riemann-Roch theorem can be applied to give a for-
mula for the dimension of the irreducible representation. In fact, the dimension
part of Weyl’s character formula can be proved this way. More refined analy-
sis, using the Woods Hole fixed point theorem, can be used to get the full char-
acter formula (cf. [A-B]). For a very readable introduction to this, see [Bot].

We conclude this discussion by giving a diagram showing the relationships
among the various objects associated to an irreducible representation of a semi-
simple Lie algebra g. The objects and maps in diagram (23.58) are explained
next.

First of all, as we have indicated, the term “Grassmannians” means the
ordinary Grassmannians in the case of the groups SL,C, and the Lagrangian
Grassmannians and the orthogonal Grassmannians of isotropic subspaces in
the cases of Sp,,C and SO,,C, respectively. Likewise, “flag manifolds” refers
to the spaces parametrizing nested sequences of such subspaces. In the cases
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of the exceptional Lie algebras, the term “Grassmannian” should just be
ignored; except for the quotient of G, by one of its two maximal parabolic sub-
groups, the homogeneous spaces for the exceptional groups are not varieties
with which we are likely to be a priori familiar.

With this said, we may describe the maps A4, B, etc., as follows:

A, A": the map A associates to a subset of the nodes of the Dynkin diagram
(equivalently, a subset S of the set of simple roots) the face of the Weyl
chamber described by

_ (4 a)>0,VaeS;
Hs = {’1'(,1,a)=0,va¢s}’

where ( , ) is the Killing form; the inverse is clear.

B, B': the map B associates to a face # of the Weyl chamber the subalgebra
gs spanned by the Cartan subalgebra b, the positive root spaces g,, « € R,
and the root spaces g_, corresponding to those positive roots a perpendic-
ular to #5. Equivalently, in terms of the corresponding subset S of the
simple roots, gs will be generated by the Borel subalgebra, together with
the root spaces g_, for a ¢ S. Again, since every parabolic subalgebra is
conjugate to one of this form, the inverse map is clear.

C, C: The map C simply associates to a parabolic subalgebra p — g the
quotient G/P of G by the corresponding parabolic subgroup P — G. In the
other direction, given the homogeneous space X = G/P, with the action of
G, the group P is just the stabilizer of a point in X. Note that the connected
component of the identity in the automorphism group of G/P may be
strictly larger: for example, P?"~! is a compact homogeneous space for
Sp,.C, and we have seen that a quadric hypersurface in P is a homoge-
neous space for G,.

D, D': The map D associates to the irreducible representation V of g with
highest weight 1 the open face of the Weyl chamber containing 4. In
the other direction, given an open face #5 of #, choose a lattice point
A€ Wsn Ay and take V =T,.

E: We send the representation V to the subalgebra or subgroup fixing the
highest weight vector v € V.

F, F’: We associate to the representation V the (unique) closed orbit of the
corresponding action of the group G on the projective space PV. Going in
the other direction, we have to choose an ample line bundle L on the space
G/P, and then take its vector space of holomorphic sections.

§23.4. Bruhat Decompositions

We end this lecture with a brief introduction to the Bruhat decomposition of
a semisimple complex Lie group G, and the related Bruhat cells in the flag
manifold G/B. These ideas are not used in this course, but they appear so often
elsewhere that it may be useful to describe them in the language we have



396 23. Complex Lie Groups; Characters

developed in this lecture. We will give the general statements, but verify them
only for the classical groups. General proofs can be found in [Bor1] or [Hu2].

As we have seen, a choice of positive roots determines a Borel subgroup B
and Cartan subgroup H, with normalizer N(H), so N(H)/H is identified with
the Weyl group . For each W e B fix a representative ny, in N(H). The
double coset B-ny - B is clearly independent of choice of ny, and will be
denoted B- W B.

Theorem 23.59 (Bruhat Decomposition). The group G is a disjoint union of the
|| double cosets B- W- B, as W varies over the Weyl group.

Let us first see this explicitly for G = SL,,C. Here N(H) consists of all
monomial matrices in SL,,C, i.e., matrices with exactly one nonzero entry in
each row and each column, and 2 = &,; a monomial matrix with nonzero
entry in the a(j)th row of the jth column maps to the permutation ¢. To see
that the double cosets cover G, given g € G, use elementary row operations by
left multiplication by elements in B to get an element b-g~*, with b € B chosen
so that the total number of zeros appearing at the left in the rows in b-g " is
as large as possible. If two rows of b+ g~* had the same number of zeros at the
left, one could increase the total by an elementary row operation. Since all the
rows of b-g~! start with different numbers of zeros, this matrix can be
put in upper-triangular form by left multiplication by a monomial matrix;
therefore, there is a permutation o so that b’ = n,-b-g~! is upper triangular,
ie,g= ()" n,-bisin B-o-B. To see that the double cosets are disjoint,
suppose n, = b’ n,-b for some b and b’ in B. From the equation b =
(n,)~1-(b')" - n, one sees that b must have nonzero entries in each place where
(n,)"* - n,. does, from which it follows that ¢’ = o.

In fact, this can be strengthened as follows. Let U (resp. U ™) be the subgroup
of G whose Lie algebra is the sum of all root spaces g, for all positive (resp.
negative) roots a. For G = SL,,C, U (resp. U ™) consists of upper- (resp. lower-)
triangular matrices with 1’s on the diagonal. For W in the Weyl group, define
subgroups

UW)=Unng U 'ng', UWY=Unng U-nyg

of U, which are again independent of the choice of representative ny, for W.

Corollary 23.60. Every element in B- W- B can be written u-ny b for unique
elements u in U(W) and b in B.

To see the existence of such an expression, note first that the Lie algebra
of U(W) is the sum of all root spaces g, for which « is positive and W™ (a) is
negative; and the Lie algebra of U(WY) is the sum of all root spaces g, for
which « and W () are positive. One sees from this that U(W)- U(W) - H is
the entire Borel group B. Since H - nyg = ny- H and U(W)' -ny = ny - U, and
H and U are subgroups of B,
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B-ny-B=U(W)-UWY-H-nyB
= U(W)-U(WY ny-B
= U(W) nyB.

To see the uniqueness, suppose that ny, = u-ny, - b for some u in U(W) and b
in B. Then ny' ‘u-ny isin U~ N B = {1}, so u = 1, as required.

Note in particular that the dimension of U(W) is the cardinality of R* N
W(R™), where R* and R~ are the positive and negative roots; this is also the
minimum number /(W) of reflections in simple roots whose product is W, cf.
Exercise D.30. It is a general fact, which we will see for the classical groups,
that U(W) is isomorphic to an affine space C'™.

It follows from the Bruhat decomposition that G/B is a disjoint union of
the cosets X, = B- ny, - B/B, again with W varying over the Weyl group. These
Xy are called Bruhat cells. From the corollary we see that Xy, is isomorphic
to the affine space U(W) =~ C'™.

For G = SL,,C and ¢ in 1B = &,,, the group U(o) consists of matrices with
I’s on the diagonal, and zero entry in the i, j place whenever either i > j or
071(i) < 671(j), which is an affine space of dimension I(¢) = # {(i, j): i > j and
a(i) < o(j)}.

Exercise 23.61. Identifying SL,,C/B with the space of all flags, show that X,
consists of those flags 0 = ¥; ¥, < -- such that the dimensions of inter-
sections with the standard flag are governed by o, in the following sense: for
each 1 <k <m, the set of k numbers d such that ,nC** S ¥,nC? is
precisely the set {o(1), 6(2), ..., a(k)}.

We will verify the Bruhat decomposition for Sp,,C by regarding it as a
subgroup of SL,,C and using what we have just seen for SL,,C, following
[Ste2]. Our description of Sp,,C in Lecture 16 amounts to saying that it
is the fixed point set of the automorphism ¢ of SL,,C given by ¢(4) =

M™-'47 - M, with M = ( OI g‘) The Borel subgroup of Sp,,C will be the

intersection of the Borel subgroup B of SL,,C with Sp,,C, provided we change
the order of the basis of C*" to ey, ..., e,, €5, -- ., €,41, SO that B consists of
matrices whose upper left block is upper triangular, whose lower left block is
zero, and whose lower right block is lower triangular. The automorphism ¢
maps this B to itself, and also preserves the diagonal subgroup H and its
normalizer N(H), and the groups U and U~. The Weyl group of Sp,,C can
be identified with the permutations in &,, such that a(n + i) = a(i) + n for
all1 < i < n,and itis exactly for these o for which one can choose a monomial
representative n, in Sp,,C. Now if g is any element in Sp,,C, writeg = u-n,- b
according to the above corollary. Then

g = @(g) = o) ¢(n,) ¢(b),
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and by uniqueness of the decomposition we must have ¢(u) = u, ¢(n,) = n,"h,
he H,and o(b) = h™* - b. It follows that ¢ belongs to the Weyl group of Sp,,C.
This gives the Bruhat decomposition, and, moreover, a unique decomposition
of g € Sp,,C into u-n,- b, with u in U(c) n Sp,,C. Since this latter is an affine
space, this shows that the corresponding Bruhat cell in the symplectic flag
manifold is an affine space.

Exactly the same idea works for the orthogonal groups SO,,C, by realizing
them as fixed points of automorphisms of SL,,C of the form A—M ™' -‘471- M,
with M the matrix giving the quadratic form.

Note finally that if W’ is the element in the Weyl group that takes each
Weyl chamber to its negative, then B- W’- B is a dense open subset of G, a
fact which is evident for the classical groups by the above discussion. The
corresponding Bruhat cell Xy is the image of U™ in G/B, which is also a dense
open set. It follows that a function or section of a line bundle on G/B is
determined by its values on U~. For treatises developing representation
theory via functions on U™, see [N-S] or [Zel].

The following exercise uses these ideas to sketch a proof of Claim 23.57
that the sections of the bundle L_; on G/B form the irreducible representation
with highest weight A:

Exercise 23.62*. (a) Show that sections s of L_ are all of the form s(gB) =
(9, f(g9)), where f is a holomorphic function on G satisfying

f(g-x) = A(x)f(g) forall x e B.

(b) Let n' € N(H) be a representative of the element W’ in the Weyl group
which takes each element to its negative. Show that f is determined by its
value at n'.

(c) Show that any highest weight for f must be 4, and conclude that
H°(G/B, L_,) is the irreducible representation I'; with highest weight 4.

The holomorphic functions f of this exercise are functions on the space
G/U.In other words, all irreducible representations of G can be found in spaces
of functions on G/U. This is one common approach to the study of representa-
tions, especially by the Soviet school, cf. [N-S], [Zel].

Functions on G/U form a commutative ring, which indicates how to make
the sum of all the irreducible representations into a commutative ring. In fact,
for the classical groups, these rings are the algebras S°, S¢, and S con-
structed in Lectures 15, 17, and 19, cf. [L-T]. They are also coordinate rings
for natural embeddings of flag manifolds in products of projective spaces.



LECTURE 24

Weyl Character Formula

This lecture is pretty straightforward: we simply state the Weyl character formula in
§24.1, then show how it may be worked out in specific examples in §24.2. In particular,
we derive in the case of the classical algebras formulas for the character of a given
irreducible representation as a polynomial in the characters of certain basic ones (either
the alternating or the symmetric powers of the standard representation for sl,C and
their analogues for sp,,C and so,,C). The proofs of the formula are deferred to the
following two lectures. The techniques involved here are elementary, though the
determinantal formulas are fairly complex, involving all the algebra of Appendix A.

§24.1: The Weyl character formula
§24.2: Applications to classical Lie algebras and groups

§24.1. The Weyl Character Formula

We have already seen the Weyl character formula in the case of sI,C, and it
is one reason why we were able to calculate so many more representations in
that case. We saw in Lectures 6 and 15 that for the representation I';, = S,C"
of SL,C with highest weight 4 = ) A,L;, the trace of the action of a diagonal
matrix 4 € SL,C with entries x,, ..., x, is the symmetric function called the
Schur polynomial S;(x;, ..., x,). Thisincluded a formula for the multiplicities,
which are the coefficients of the monomials in these variables.

In order to extend this formula to the other Lie algebras, let us try to rewrite
this Schur polynomial in a way that may generalize. The Schur polynomial is
defined to be a quotient of two alternating polynomials:
|x;.1‘+n—i|
b=t

S;.(xl,..., x") =
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These determinants can be expanded as usual as a sum over the symmetric
group S,, which is the Weyl group IB. Writing x; = e(L;) in Z[A] as in the
preceding lecture, and writing (— 1)* for sgn(W) = det(W) for W in the Weyl
group, the numerator may be expanded in the form

Y ()T x@m = Y (= )Ye(W(EM + n —i)Ly)
We® We®

= Wzm (=D)"e(W( + p)),

where we write A for £4,L; and we set p = X(n — i)L,. Our formula therefore
takes the form

S(=)¥e(W(i + p)

Char(I;) = S(—1)¥e(W(p))

The denominator is the discriminant

A(xy, ... x,) = 1—[ (x; — xj) = l:[(e(L.') - e(Lj))'

i<j
This can be written in terms of the positive roots L; — L;, i < j, as
A(xy, .0 X,) = l:[} (eG(L; — Ly) — e(—3(L; — Ly)))-
Note also that
p=X(n—i)L;=L; +(L; + L))+ -+ (Ly + "+ L,y)

1
=5 % (Li— L),
i<j
which is the sum of the fundamental weights, and half the sum of the positive
roots.
These are the formulas that generalize to the other semisimple Lie algebras:
For any weight y, define 4, € Z[A] by

4,= ) (=) e(W(w) (24.1)
We®

Note that 4, is not invariant by the Weyl group, but is alternating: W(A,) =
(—1)%4, for We . The ratio of two alternating polynomials will be
invariant.

Theorem 24.2 (Weyl Character Formula). Let p be half the sum of the positive
roots. Then p is a weight, and A, # 0. The character of the irreducible repre-
sentation I, with highest weight 2 is

Char(T) = %. (WCF)

P



§24.1. The Weyl Character Formula 401

The assertions about p are part of the following lemma and exercise, which
will also be useful in the applications:

Lemma 24.3. The denominator A, of Weyl’s formula is

A,= ] (e(@/2) — e(—a/2))

eR*

= (o) J] (1~ e(~))
=e(—p) I] (e@ - D).

eR*

PRrOOF. Since e(p) = e(}) «/2) = [] e(a/2), the equality of the three displayed
expressions is evident; denote these expressions temporarily by 4. The key
point is to see that A is alternating. For this, it suffices to see that A changes
sign when a reflection in a hyperplane perpendicular to one of the simple roots
is applied to it, since these reflections generate the Weyl group. This follows
immediately from the first expression for 4 and (a) in Exercise 24.4 below.
Now, by the second displayed expression, the highest weight term that
appears in A is e(p), which is the same as that appearing in 4,. Calculating
1/A formally as in (24.5) below, we see that 4,/4 is a formal sum Zmue(u)
thatisinvariant by the Weyl group, and, using part (c) of the following exercise,
it has weight 0. As in Theorem 23.24 it follows that 4,/A is constant; and, since
A and A, have the same leading term e(p), we must have 4, = A4. O

Exercise 24.4*. (a) If W = W,_is the reflection in the hyperplane perpendicular
to a simple root a;, show that W(x;) = —a;, and W permutes the other positive
roots.

(b) With W as in (a), show that W(p) = p — a;. Deduce that p is the ele-
ment in h* such that p(H,) = 2(p, o;)/(e;, a;) = 1 for each simple root «;.
Equivalently, p is the sum of the fundamental weights. In particular, p is a
weight.

(c) For any W # 1 in the Weyl group, show that p — W(p) is a sum of
distinct positive roots. Deduce that W(p) is not in the closure of the positive
Weyl chamber.

Proofs of the character formula will be given in §25.2 and again in §26.2.
For now we should at least verify that it is plausible, i.e., that 4 a+p/A, 18 in
Z[A]™ and that the highest weight that occurs is A. Note that since the
numerator and denominator are alternating, the ratio is invariant. The fact
that 4, is not zero follows from the second expression in the preceding lemma.
To see that the ratio is actually in Z[A], however, we must verify that it has
only a finite number of nonzero coefficients. Write
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=e=p) [L (—e-a)t =e(=p)[] § e(-m). (243
p aeR* a n=0
When this is multiplied by A;,, = Y. (—1)*e(W(A + p)), we get a formal sum
where the highest weight that occurs is the weight A. This means in particular
that there are only a finite number of nonzero terms corresponding to weights
in the fundamental (positive) Weyl chamber #". But since the ratio is invariant
by the Weyl group, the same is true for all Weyl chambers, so 4,,,/4, is in
Z[A]®, and has highest weight A. It follows in particular that the 4,4 ,/4,, as
1 varies over #~ N A, form an additive basis for Z[A]®.

Before considering the proof or any other special cases, we apply (WCF) to
give a formula for the dimension of T';:

Corollary 24.6. The dimension of the irreducible representation I, is
. (A+p,a) (A+p,0)
dim T, = B —
L B e aii | Sy
where {a, B> = a(Hg) = 2(, B)/(B, B) and ( , ) is the Killing form.

s

Proor. The dimension of T} is obtained by adding the coefficients of all e()
in Char(T}), i.e., computing the image of Char(I';) by the homomorphism from
Z[A] to C which sends each e(x) to 1. However, as in the case of the Schur
polynomial, the denominator vanishes if we try to do this directly. To get
around this, we factor this homomorphism through the ring of power series:

Z[A] S C[[f]]1~C,

where the second homomorphism sets the variable ¢ equal to zero, i.e., picks
off the constant term of the power series, and the first homomorphism ¥ takes
e(a) to e, More generally, for any weight u define a homomorphism

¥,: Z[A] - C[[1]], e(o)— e,

We claim that W, (4;) = ¥;(4,) for all 1 and . This is a simple consequence
of the invariance of the metric ( , ) under the Weyl group:

B,(4)) = 3 (— )7 e
= z (— I)We(W“(u),l)r
= (— )7
=¥,(4,)
Therefore,
¥(4,) =Y, (4,) = ¥,(4,)

= l—l (e(l,a)tlz - e—(l,a)!/Z)
aeR*
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= ( IT &4 oc)) t*®) 4 terms of higher degree in t.

aeR*

Hence,
\P(A}.+p/Ap) = \P(A).+p)/\P(Ap)

=nu+m@
[1(p, )

which finishes the proof. O

+ terms of positive degree in ¢,

Exercise 24.7. In the case of sl,C, verify that the above corollary gives the
dimension we found in Lecture 6.

Exercise 24.8. Verify directly that the right-hand side of the formula for the
dimension is positive.

Since yx, = A;4,/A, is the character of a virtual representation which
takes on a positive value at the identity, as in the case of finite groups, to
prove that it is the character of an irreducible representation, it suffices to
show that jG 12X, = 1 for an appropriate compact group G. This was the
original approach of Weyl, which we will describe in the last lecture. Since
the highest weight appearing is 4, we will know then that this irreducible
representation must be I;.

Exercise 24.9. Use Corollary 24.6 to show that if 1 is a dominant weight
(i.e., in the closure of the positive Weyl chamber), and w is a fundamental
weight, then the dimension of T, is greater than the dimension of T;.
Conclude that the nontrivial representations of smallest dimension must be
among the n representations I', with w a fundamental weight.

§24.2. Applications to Classical Lie Algebras
and Groups

In the case of the general linear group GL,C, the character! of the represen-

tation I, is the Schur polynomial

|x,;'i+"_i|
Si(xg5.en, x,) =L —r,
}.( 1 n) Ix;.—ll

! We use the representation of GL,C instead of its restriction to SL,C, since the latter would
require the product of the variables x; to be 1.
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which has several expressions in terms of simpler symmetric functions. Note
that the character of the dth symmetric power of the standard representa-
tion is the dth complete symmetric polynomial H, in n variables (Appendix
A.1):

H,; = Char(Sym*(C")).

The first “Giambelli” or determinantal formula (A.5) of Appendix A gives
the character of the representation with highest weight A = (4, >--- > 4, > 0)
as anr x r determinant:

Hﬁ., H).,+l'”H).1+k—1
H, ...
Char(T) = [H, ;i = Hl 174 (24.10)
Hy g1 Hy,

Equivalently, this expresses a general element I'; € R(G) of the representation
ring as a polynomial in the representations Sym?(C"). A second determinantal
formula, from (A.6), expresses I'; in terms of the basic representations /AY(C"),
whose characters are the elementary symmetric polynomials

E; = Char(\(C")).
This formula is, with u the conjugate partition to 4,

E, E,i-E,

K

E,,_.E,,...

Char([;) = |E, 4| = |. (24.11)

Ey 1w E

"

In this section we work out the character formula for the other classical
Lie algebras, including analogues of these determinantal formulas. The ana-
logues of the first determinantal formula (24.10) were given by Weyl, but the
analogues of (24.11) were found only recently ((D’H], [Ko-Te]). We also pay,
at least by way of exercises, the debts to (WCF) that we owe from earlier
lectures.

The Symplectic Case

The weights for sp,, C are integral linear combinations of L, ..., L,. We often
write u = (Y43, - .., U,) for the weight u, L, + --- + pu,L,.
The positive roots are {L; — L;};,<;and {L; + L;};;, from which we find

p=Ym+1—iL,=L +(L,+Ly))+ -+ (L, + - +L,), (2412
ie,p=Mmn—1,...,1).
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As we saw in Lecture 16, an element in the Weyl group can be written
uniquely as a product ¢o, where ¢ is a permutation of {L,,..., L,}, and
€=1(€y5...5 &), with g; = + 1. Hence

A, =Y (1Y (- 1)¢e<§i e,.yiL,(,-)>; (24.13)

here the sign (— 1) is the product of the ¢;. Now with x; = e(L;), this can be
written

A“ = Z (=1 11 (x:(ii) - x;('i‘)‘)

or
A= Ixp = X, (24.14)
where |a; ;| denotes the determinant of the n x n matrix (g; ;). In particular,
A, =[x — x| (24.15)

From (24.14) or Exercise A.52 we have
A, = Ay + X780 X, + %71 (g — X7 (6 — x71), (24.16)

where A is the discriminant.

Exercise 24.17. Show that
A,= l_[ (x; — x;)(x;x; — 1)-H 2 = 1fxy ..o x,)"

i<j

The character of the irreducible representation I, with highest weight
A=Y ALy Ay =+ > 4, >0, is therefore:
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Atn—i+l —(Ag+n—i+1)
| x; —X; |

Char(I}) = PR R (24.18)
The dimension of T is easily worked out from Corollary 24.6:
. -1 G+1)
dim(T) = [] —+- —
T .-U,-(;—o Djawz—z—n
Uil ]_[ (24.19)
~ i mr = mz) ’

where [ =4, +n—i+landm=n—i+ 1.

Exercise 24.20. Show that, setting I{ = 4, + n — i,

[TEG=0)0+15+2): H(I'+1)

dim(T;) = = @n—-1)1-2n-=3)-...:

These formulas give the dimension of the irreducible representation I, .,
with highest weight a,; + -** + a,w,, where the w, are the fundamental
weights, using the relation A; = a; + --- + a,,.

Exercise 24.21. Use Exercise 24.20 to verify that for A= L; + -*- + L,, the

. . . . 2 . .
dimension of I is 2n if k =1, and <2kn> — <k 4 2) if k > 2. Use this to
give another proof that the kernel of the contraction from NV to A¥72V is
irreducible.

The first determinantal formula for the symplectic group goes as follows.
Let

Ja(X 1y ey X)) = Hy(Xq, ..y X X178 .00y X0 0),

where H, is the dth complete symmetric polynomial in 2n variables. In other
words, J; is the character of the representation Sym?(C?") of sp,,C. From
Proposition A.50 of Appendix A we have

Proposition 24.22. If 1 = (A, > -+ > A, > 0), the character of T, is the deter-
minant of the r x r matrix whose ith row is

imivr Symivz H i Dimivs + amicn oo Jamier + Dimicrs2):

For example, for 4 = (d), ie., A = dL,, we have Char(I},) = J;, which is
the character of Sym?(C?"). In particular, this verifies that the kth symmetric
powers Sym*(C?") of the standard representation are all irreducible. (This, of
course, is a special case of the general description given in §17.3, since all the
contraction maps vanish on the symmetric powers.)
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Exercise 24.23. (i) Find the character of the representation of sp,, C with highest
weight w; + w, = 2L, + L,, verifying that the multiplicities are as we found
in §16.2. (ii) Find the character of the representation of sp¢C with highest
weight 0, + w,, thus verifying the assertion of Exercise 17.4.

The second Giambelli formula in the symplectic case expresses I'; in terms
of the basic representations
I, = Ker(A\*(C*") > N2(C*"))
which are the kernels of the contractions. The character of I, is E;, where
Eo=1,E{=E =x,+ " +x,+x{' +-+x;',and
Ey=E(X1,.s Xp X1 ooy X0 ) = Epp(Xqy e ey Xy X145 ey X0 1)

for k > 2, where E, is the kth elementary symmetric polynomial. The formula
is

Corollary 24.24. Let p = (u,,..., ;) be the conjugate partition to A. The
character of T, is equal to the determinant of the | x | matrix whose ith row is

(Ehmitv1 Eumivz + E, i Ejs3+E, iy .. Ep i+ E, _i-1+2)

Proor. This follows from the proposition and Proposition A.44, which
equates the two determinants before specializing the variables. a

There is also a simple formula for the character in terms of the characters
E, of N\¥(C?"), which also follows from Proposition A.44:

Char(T;,) = |E E

Note that E,,, = E,_, (corresponding to the isomorphism A"**C?" ~
A*¥C?") and E,,, = —E,_;+,. In particular, Corollary 24.24 expresses
Char(I};) as a polynomial in the characters of the basic representations I, ,

.., T

w,*

=ity u.-—i-il' (24.25)

The Odd Orthogonal Case

For s0,,,,C the weights are Yy, L, pu = (yy, ..., p,), with all y; integers or all
half-integers. The positive roots are {L; — L;},;, {L; + L;};<;, and {L;}, s0 p
is 3(L, + -+ + L,) less than in the case for sp,,:

p=Y (n+3—-1iL, (24.26)
or

p=m—%n—3..,3%).

With xf! = e(+L;) and x}#'? = e(+ L;/2), we have the same formula as
before [(24.14)] for A,,.
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Exercise 24.27*. Show that
A — |x;u—i+l/2 _ xj—(n—'i+1/2)|
= AGxy + X7 X+ 1) (F = X)L ()3 = ),

If T, is the irreducible representation with highest weight A =) A,L;,
Ay =>-++ > A, >0, then the character formula can be written

Aitn—i+1/2 —(A;+n—i+1/2)
! — X; |

Char(T;) = T (24.28)
Similarly,
: =1 :+1)
dim(Iy) = il i
mC) ==y Bari-i—»
2 2
(= 1) HL (24.29)

- ;<J (m - mz)
where, =4, +n—i+4,andm;=n—i+ %
Exercise 24.30. Show that, with [; = A; + n — i,
16—+ 5+ D-TT @k + 1)
: _i<j i
dm@) == e =y

These formulas give the dimension of the irreducible representation I,
with highest weight a,w, + *- + a,0,, where the w; are the fundamental
weights, using the equations

ii=ai+”'+a,,_1 +%an.

Exercise 24.31. Use the dimension formula to verify thatfor A= L, + - + L,,

2n+1

the dimension of I is ( ) Use this to give another proof that A*V is

irreducible for 1 < k < n. Verify that the dimension of the spin representation
is 2", thus reproving that it is irreducible.

Exercise 24.32. Use the dimension formula to verify that the kernel of the
contraction

Symd(CZnH) - Symd—2(C2n+1)

is an irreducible representation with highest weight dL,.

In case the representation is a representation of SO,, ., C, i.c., the 4; are all
integral, there is a first determinantal formula that expresses I'; in terms of
the kernels of the contractions

Ker(symd(czn+1) - Sym"_z(CZ"“ ))
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Let K, denote the character of this kernel, so K, =1, K; =x; + " + x, +
xit+ -+ x.' +1,and

Ky=Hy(x1, ooy Xy X1t ooy X7 1) = Hy_p(Xqy eees Xy X105 ooy X3 1),
where H, is the dth complete symmetric polynomial. From Proposition A.60
we have
Proposition 24.33. If A = (4, >--- > 4, > 0), with the A; integral, then the
character of T, is the determinant of the r x r matrix whose ith row is

Ki-iv1 Kimiv2z + Kooy Koina + Kooy oo Kgmiar + Kjmicpi2)-

In particular, for 4 = (d), the character is K,, which verifies that the kernel
of Sym?(C?"*!) - Sym?~2(C?"*!) is irreducible.

Exercise 24.34. Use the character formula to verify that the multiplicities of
the representation I';; ;. of so4C are as specified in Exercise 18.9.

The second determinantal formula for SO,,,, C writes I, in terms of the

representations A*(C2"*1), whose characters are
E.=E(x1,...» X X7, .00, x7" 1)
Applying Proposition 24.33 with Corollary A.46, we have
Corollary 24.35. Let u = (u,,..., ;) be the conjugate partition to A. The
character of T, is equal to the determinant of the | x | matrix whose ith row is
(E,‘,.—i+1 E,‘i—i+2 +E,.i Eu,-—iH + Eu.~—i—l+2)~

Since E,.; = E,.,_, (corresponding to the isomorphism A"**C2"*! x~

Nr+1-kC2r+1) this expresses Char(I',) as a polynomial in E,, ..., E,, with
E, = Char(MC2™),

The Even Orthogonal Case

For so,, C the weights are the same as in the preceding case. This time the {L,}
are not positive roots, however, so p is (L, + -+ + L,) less than in the case
of s0,,,1C, or L, + -+ + L, less than in the case of sp,,C:

p=Y (n—1iL, (24.36)
or
p=mn-1,n-2,...,0).

The calculation of A, is similar, but using only those ¢ of positive sign. This
time
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n J . n ) -
Y(— 1)£e<i; siﬂiLa(i)> = 2|;11 (x5 + xo8) + 1I=]1 (x5 — xa('i‘)‘)jl'
This leads to
o= 30 4 x5 e — X)), (24.37)

Note that the second determinant term vanishes when any y; is zero. In
particular,

Ap = %Ix;—i + x]f'(""')|‘ (2438)
From (24.14) or Exercise A.66,
A, =ACx; + x7Y ., %, + X1 (24.39)

This gives, with T, the irreducible representation with highest weight
A’ = ZiiLi’ ll = = |A'n| > Oa

Ixf 4+ x4 + |xft — x|

= _ _ 24.40
Char(rj,) IXj i xj—(,.—,)l s ( )
where [; = A; + n — i. As before,
. G- G+
dim(I;) = S BF Tt
=Gy @m-i-5
2_ )2

b=y (24.41)

i<j(m} —m?)

where l; = 1; + n — iand m; = n — i. Note that, as expected, the two represen-
tations with weights (4, ..., 4,_;, +4,) have the same dimensions.

Exercise 24.42. Show that

[1.0:— 1)+ 1)
dm) = 2 e am a2

These formulas give the dimension of the irreducible representation I, |,
with highest weight a;w; + --* + a,0,, where the w; are the fundamental
weights, using the equations

h=ai+-+a,,+3@,+a,) 1<i<n-2
j'n—l = %(an-l + a,), )‘n = %(—an—l + a,).
Exercise 24.43. Use the dimension formula to verify thatforo =L, + - - + L,,

k <n, the dimension of T, is <2kn >, so A¥C2") is irreducible. For

. 1(2 .
A=Ly+--+ L, + L, the dimension is 5( kn>, so /\"(C?") is the sum of

the two corresponding irreducible representations. Verify that the dimension
of the two spin representations are 2", proving irreducibility again.
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Note that the second term in the numerator in (24.40) changes sign when
A, is replaced by —A,; in particular, it vanishes when 4, = 0. When 4, = 0,
the representation I, is a representation of the orthogonal group O,,C.
When A, # 0, the direct sum of the two representations with highest weights
(44, ..., £4,) is an irreducible representation of O,,C. (See Exercises 23.19
and 23.37.)

Let L, be the character of Ker(Sym%C?")— Sym? %(C?")), ie.,
Ly=Hy(xy,.o Xps X745 ooy X7™) — Hy_5(xy, ..y Xy X125 ..., x;"). In either
case, Proposition A.64 applies to give the first determinantal formula:

ible representation of O,,C with highest weight . = (A, ..., 4,) is the deter-
minant of the r X r matrix whose ith row is

Proposition 24.44. Given integers A, > - -+ > A, > 0, the character of the irreduc-

(Ly—iv1 Lay—isa+ Ly .. Ly_ip+ Ly iopia)

Again, for A = (d), this verifies that the kernel of the contraction from
Sym?(C?") to Sym?~2(C?") is irreducible.

The second determinantal formula is the same as in the odd case, but with
Ei=E(X1y...s Xpy X745 o0y X7

Corollary 24.45. Let y = (u,,..., ) be the conjugate partition to A. The
character of T, is equal to the determinant of the | x I matrix whose ithrow is

(Eymivr Epiva + Eyry oo Eypini HEyi142).

Using the fact that E,,, = E,_,, this expresses Char(T;) as a polynomial in
E,,..., E,, with E; = Char(A\’C?").

Exercise 24.46*. For each of the orthogonal groups O,,C, show that the
character of the irreducible representation with highest weight A can be written
in the form

Char(I;) = |hy,—i+j — haymi-jls

where h, is the character of Sym*(C™). Another formula for the dimension of

I, is obtained by substituting <YZ> for hy in this determinant.

There are other formulas expressing the characters of general representa-
tions in terms of simpler ones. Abramsky, Jahn, and King [A-J-K] give one
that can be expressed by the same formula for the general linear, symplectic,
and orthogonal groups. The general irreducible representations are given by
partitions A4 or Young diagrams, and in their formula the simpler represen-
tations are those corresponding to hooks. To express it, let (a*b) denote
the hook with horizontal leg of length a + 1 and vertical leg of length
b + 1, ie, the partition (@ + 1,1,..., 1), with b 1’s. More generally, given
a=(a, >--->a,20)and b= (b, >--- > b, > 0) with q, or b, nonzero, let

(a *b) denote the partition whose Young diagram has legs of these lengths to
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the right of and below the r diagonal boxes (cf. Frobenius’s notation, Exercise
4.17). Let x .. denote the character of the corresponding irreducible represen-
tation. Their formula is

X(asb) = |X(a,-abj)|1 <i,j<re (24.47)

Taking the degree of both sides gives new formulas for the dimensions of the
irreducible representations. These formulas are particularly useful if the rank
r of the partition is small.

Exceptional Cases

We will, as a last example, work out the Weyl character formula for the
exceptional Lie algebra g,, and thereby verify some of the analysis of its
representations given in Lecture 22. The remaining four exceptional Lie
algebras we will leave as exercises.

To begin with, the value of p is easily seen to be 2L, + 3L,, in terms of the
basis L,, L, for the weight lattice introduced in Lecture 22.

Now, for any weight u = pL, + qL, + rL,, we have

— p < x4 R 4 —_ P .yT4 ."T
A, = Z Xa(1) Xa(2) " Xa(3) Z Xa(1) " Xa(2) " Xa(3)
ce G3 oce Gy

= A(x) ) ,q,r(x) - A(x—l ) ) Sp,q,r(x_l)’
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where we write x for (x,, x,, x;) and x* for (x;?, x3*, x3%), A is the discrim-
inant, and S, , , the Schur function. Using the relation [] x; = 1 we can also
write this as

= A(X) (Sp,q,r(x) - Sm—p,m—q,m—r(x))

for any m > max(p, q, r). To make this notation agree with the standard
notation for Schur polynomials from Appendix (A.4), note that S, ., is the
Schur polynomial S; , for the partition (s, t), s > t, where s is two less than
the difference between the largest and smallest of p, ¢, and r, while t is one less
than the difference between the second largest and the smallest; if p, ¢, and r

are not distinct, S, , , = 0. Thus, for example,

Ap = A(x)'(s(l,l)(x) - S(l)(x))
= A(X) (XX + X X3 + X3X3 — X; — X; — X3).

Now, any irreducible representation I'; of g, has highest weight A = aw; +
bw,, where wy =L; + L, and w, =L, + 2L, are the two fundamental
weights, and a and b are non-negative integers. Then A + p=(a + b + 2)L, +
(a + 2b + 3)L,. The Weyl character formula in this case becomes

Proposition 24.48. The character of the representation of g, with highest weight
aw; + bw, is

S —

(a+2b+1,a+b+1) (a+2b+1,b)

Char(T, ,) = s . .
(1,1) = ©@1)

Exercise 24.49. In the case of the standard representation I ,, the adjoint
representation I, ;, and the representation I, ,, use this formula to verify the
multiplicities found in Lecture 22.

We can also work out the dimension formula explicitly in this case. The
two fundamental weights @, and w, have inner products

(0w, 0)=1, (0, w,) =3/2, and (0,5, w,) =35

o, and w, are among the positive roots of g,, and in terms of these the
remaining positive roots are 2w, — ,, 3w, — w,, W, — ,, and 2w, — 30,.
The weight p is the sum of the fundamental weights w, and w,, so that for an
arbitrary weight 1 = aw, + bw, we have the following table of inner products:

(> p) (-, 4) (,4+p)

20, — 0, 1/2 a2 (a+ 1)2
3w, — w, 3 3a/2 +3b/2 3(a+b+2)2
w, 5/2 a+ 3b/2 (2a + 3b + 5)/2
W, 9/2 3a/2 + 3b 3(a + 2b + 3)/2

—0, + o, 2 a2+3b2 (a+3b+4)2
—30, +20, 32 3b/2 3(b + 1)/2
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We conclude that the dimension of the irreducible representation T, , of g, with
highest weight A = aw, + bw, is

(@+1)(@a+b+2)2a+3b+5)(a+2b+3)a+3b+Hb+1)
120 '

We can check this in the cases a=1, b=0 and a =0, b = 1, getting the

dimensions 7 and 14 of the standard and adjoint representations, respectively.

In case a =2, b = 0 we may verify the result of the explicit calculation in
Lecture 22, finding that

dim(I, ,) =

dim(T, o) = 27
and, therefore, deducing that N>V =T, @ V @ C and Sym*’V =T, , ® C.

Exercise 24.50. Show that Sym*V = (T, _ 4. 0-

We leave the analogous computations for the remaining four Lie algebras
as exercises, using the description of the root systems found in Exercise 21.16.
Since we have not said much about the Weyl group in the exceptional cases
the formula (WCF) cannot be used directly—not to mention the fact that the
orders of these Weyl groups are: 27-3? = 1152 for f,; 27-3*-5 = 51,840 for
eg, 2'9-3%-5-7 = 2,903,040 for e,, and 2'4-3%-52-7 = 696,729,600 for eg.
However, the dimension formula is available.

Exercise 24.51*. For each of the four remaining exceptional Lie algebras,
compute p = half the sum of the positive roots. For each of the fundamental
weights o, at least for {,, compute the dimension of the irreducible represen-
tation with highest weight w. In particular, find the nontrivial representation
of minimal dimension. Use this to verify that (E¢) is not isomorphic to (Bg)
or (Ce), i.e., that e, is not isomorphic to so,;C or sp,,C.

Exercise 24.52*. List all irreducible representations V of simple Lie algebras
g such that dim V < dim g. Note that these include all cases where the corre-
sponding group representation has a Zariski dense orbit, or a finite number
of orbits.



LECTURE 25

More Character Formulas

In this lecture we give two more formulas for the multiplicities of an irreducible
representation of a semisimple Lie algebra or group. First, Freudenthal’s formula
(§25.1) gives a straightforward way of calculating the multiplicity of a given weight
once we know the multiplicity of all higher ones. This in turn allows us to prove in
§25.2 the Weyl character formula, as well as another multiplicity formula due to
Kostant. Finally, in §25.3 we give Steinberg’s formula for the decomposition of the
tensor product of two arbitrary irreducible representations of a semisimple Lie algebra,
and also give formulas for some pairs | = g for the decomposition of the restriction
to b of irreducible representations of g.

§25.1: Freudenthal’s multiplicity formula
§25.2: Proof of (WSF); the Kostant multiplicity formula
§25.3: Tensor products and restrictions to subgroups

§25.1. Freudenthal’s Multiplicity Formula

Freudenthal’s formula gives a general way of computing the multiplicities
of a representation, ie., the dimensions of its weight spaces, by working
down successively from the highest weight. The result is similar to (but more
complicated than) what we did for sI;C in Lecture 13, where we found the
multiplicities along successive concentric hexagons in the weight diagram.
Let I, be the irreducible representation with highest weight A, which will
be fixed throughout this discussion. Let n, = n,(I';) be the dimension of the
weight space! of weight u in T}, i.e, Char(I,) = },n,e(p). Freudenthal gives
a formula for n, in terms of multiplicities of weights that are higher than p.

! In the literature, these multiplicities n, are often referred to as “inner multiplicities.”
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Proposition 25.1 (Freudenthal’s Multiplicity Formula). With the above
notation,
c(#)'nu(rl) = 2 Z Z (l‘l + kd, a)nu+ka7

aeR* k>1

where c(u) = |4 + plI* — llu + plI*

Here || B]|2 = (B, B),( , )is the Killing form, and p is half the sum of the positive
roots.

Exercise 25.2*. Verify that c(u) is positive if 4 # 4 and n, > 0.

The proof of Freudenthal’s formula uses a Casimir operator, denoted C.
This is an endomorphism of any representation V of the semisimple Lie
algebra g, and is constructed as follows. Take any basis Uj, ..., U, for g, and
let Ui, ..., U, be the dual basis with respect to the Killing form on g. Set

C=UU++0UU,
ie, foranyve ¥, C(v) = Y. U;" (U} - v).

Exercise 25.3. Verify that C is independent of the choice of basis®.
The key fact is

Exercise 25.4*. Show that C commutes with every operation in g, i.e.,

C(X-v)=X-C(v) forall Xeg,veV.

The idea is to use a special basis for the construction of C, so that each
term U;U; will act as multiplication by a constant on any weight space, and
this constant can be calculated in terms of multiplicities. Then Schur’s lemma
can be applied to know that, in case V is irreducible, C itself is multiplication
by a scalar. Taking traces will lead to a relation among multiplicities, and a
little algebraic manipulation will give Freudenthal’s formula.

The basis for g to use is a natural one: Choose the basis H,, ..., H, for the
Cartan subalgebra b, where H; = H,_ corresponds to the simple root «;, and let
H; be the dual basis for the restriction of the Killing form to }. For each root
a, choose a nonzero X, € g,. The dual basis will then have X} in g_,. In fact,
if we let Y, € g_, be the usual element so that X,, Y., and H, = [X,, Y,] are
the canonical basis for the subalgebra s, = sl,C that they span, then

X, = (&, 0)/2) Y, (25.5)
Exercise 25.6*. Verify (25.5) by showing that (X,, Y,) = 2/(a, ).

2 In fancy language, C is an element of the universal enveloping algebra of g, but we do not need
this.
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Now we have the Casimir operator

C=Y HH + Y X,X,
aeR
and we analyze the action of C on the weight space V, corresponding to weight
u for any representation V. Let n, = dim(V,). First we have

Y. H;H; acts on V, by multiplication by (g, p) = ||p|>. (25.7)

Indeed, H;H; acts by multiplication by u(H;)u(H;). If we write u =) rw;,
where the ; are the fundamental weights, then u(H;) = r;, and if p = ) rjwj,
with w; the dual basis to w;, then similarly u(H;) = r{. Hence ) u(H;)u(H;) =
Y rir{ = (u, p), as asserted.

Now consider the action of X, X, = ((, )/2)X, Y, on V,. Restricting to the
subalgebra s, = s, and to the subrepresentation (), V., corresponding to
the a-string through p, we are in a situation which we know very well. Suppose
this string is

V@V a® ® Vyoas

so m = f(H,) [cf. (14.10)], and let k be the integer such that u = f — ka. We
assume for now that k < m/2.

On the first term V;, X,Y, acts by multiplication by m = B(H,) =
2(B, )/(2, ), so X, X, acts by multiplication by (B, «). In general, on the
part of V;_,, which is the image of ¥, by multiplication by (Y,)*, we know
[cf. (11.5)] that X, Y, acts by multiplication by (k + 1)(m — k). This gives us
a subspace of V, of dimension n; on which X, X acts by multiplication by

(k + 1)((B, ®) — k(a, )/2) = (k + 1)((1, @) + k2, 0)/2).

Now peel off the subrepresentation (over s,) of V spanned by V;, and apply
the same reasoning to what is left. We have a subspace of V;_, of dimension
ng_, — ngto which the same analysis can be made. From this we get a subspace
of ¥, of dimension ny_, — ng on which X, X, acts by multiplication by

(1, @) + (k — 1)(o, 2)/2).

Continuing to peel off subrepresentations, the space ¥, is decomposed into
pieces on which X, X acts by multiplication by a scalar. The trace of X, X
on V, is therefore the sum

ng:(k + 1) (1, @) + k(o @)/2) + (ng_ — ng)- (K) (1, @) + (k — 1)(, 2)/2)
+ 0+ ((Mpoka — Mp—ge—1)a) " (D (11, @) + (0) (2, 2)/2).
Canceling in successive terms, this simplifies to

k
Trace(X, X;ly,) = Y, (1 + iat, )n, i, (25.8)
=

One pleasant fact about this sum is that it may be extended to all i > 0, since
Mo = 0fori>k.
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In case k > m/2, the computation is similar, peeling off representations from
the other end, starting with ¥;_,,,. The only difference is that the action of
X, Y, on V,_,, is zero. The result is

Trace(X, X;ly,) = — Y, (4 — i, )1, . (25.9)
i=1

Exercise 25.10. Show that X, X, = X_ X", + ((o, «)/2)H,, and deduce (25.9)
directly from (25.8) by replacing « by —a.

In fact, (25.8) is valid for all u and «, as we see from the identity

S+ i, =0, (25.11)

Exercise 25.12*. Verify (25.11) by using the symmetry of the a-string through B.

Now we add the assumption that V is irreducible, so C is multiplication
by some scalar c. Taking the trace of C on V, and adding, we get
en, =(umn, + Y, Y (n+ia, 0)n,,,. (25.13)
aeR i>0
Note that when i = 0 the two terms for « and —a cancel each other, so the
summation can begin at i = 1 instead. Rewriting this in terms of the positive
weights, and using (25.11) the sums become

[ a0
Y Y utiman,+ Y Y (u— it )n, g
aeR* i=1 aeR* i=1

= nu Z (I‘l’ a) + 2 Z+ 2 (" + ia, a)np+ia‘

ae R* eR

Summarizing, and observing that ), g+ (1, ®) = (u, 2p), we have
cmy = (s 1)+ (i 200, +2 3 2, (ot i, @)

Note that (4, ) + (4, 2p) = (n + p,  + p) — (p, ) = llu + plI* = llpl*. To
evaluate the constant we evaluate on the highest weight space V,, where n; = 1
and n,,,;, = 0 for i > 0. Hence,

c=AA+ 420 =14+ p1* - lpl* (25.14)
Combining the preceding two equations yields Freudenthal’s formula. [
Exercise 25.15. Apply Freudenthal’s formula to the representations of sl;C

considered in §13.2, verifying again that the multiplicities are as prescribed on
the hexagons and triangles.
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Exercise 25.16. Use Freudenthal’s formula to calculate multiplicities for the
representations I'y o, Iy 5, and I, 4 of (g,)-

§25.2. Proof of (WCF); the Kostant
Multiplicity Formula

It is not unreasonable to anticipate that Weyl’s character formula can be
deduced from Freudenthal’s inductive formula, but some algebraic manip-
ulation is certainly required. Let

2 = Char(T;) = Y n,e(p)

be the character of the irreducible representation with highest weight A.
Freudenthal’s formula, in form (25.13), reads®

¢ pa= ; (1w Wmge() + 3 3 i (1 + o, @)m, 4 e(p),

# aeR i=0

where ¢ = ||A + p||2 — ||p||®. To get this to look anything like Weyl’s formula,
we must get rid of the inside sums over i. If « is fixed, they will disappear if
we multiply by e(a) — 1, as successive terms cancel:

(€@ — DT 3 (4 + it tyee) = 3, (et + ).
Let P = [[,cr(e(® — 1) = (e(®) — 1)- P,, where P, = [[p4.(e(B) — 1). The
preceding two formulas give

c-Pyy=P-Yy (upne(p) + Y (1, 0)Pne(n+a).  (25.17)

Note also that
P=(-1)A,- A,

where r is the number of positive roots, so at least the formula now involves
the ingredients that go into (WCF).

We want to prove (WCF): 4,- x; = A;4,.- We have seen in §24.1 that both
sides of this equation are alternating, and that both have highest weight term
e(A + p), with coefficient 1. On the right-hand side the only terms that appear
are those of the form +e(W(4 + p)), for W in the Weyl group. To prove
(WCF), it suffices to prove that the only terms appearing with nonzero
coefficients in A4, x, are these same e(W(A + p)), for then the alternating
property and the knowledge of the coefficient of e(4 + p) determine all the
coefficients. This can be expressed as:

3 In this section we work in the ring C[A] of finite sums )" m,e() with complex coeficients m,,.
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Claim. The only terms e(v) occurring in A, x, with nonzero coefficient are
those with ||v|| = [|A + p|.

To see that this is equivalent, note that by definition of 4, and y;, the terms
in A, x; are all of the form +e(v), where v = p + W(p), for 4 a weight of T;
and W in the Weyl group. But if ||z + W(p)|| = |4 + pll, since the metric is
invariant by the Weyl group, this gives |W () + p|l = |4 + p||. But we saw
in Exercise 25.2 that this cannot happen unless u = W(4), as required.

We are thus reduced to proving the claim. This suggests looking at the
“Laplacian” operator that maps e(u) to ||ul|%e(y), that is, the map

A: C[A] - C[A]
defined by
A mye(p) = 3 (1 Wm,e(p).

The claim is equivalent to the assertion that F = A, - x, satisfies the “differential
equation”

A(F) = |4+ p|1*F.

From the definition A(x,) = ¥ (u, p)n,e(n). And A(4,) = ||p||*A,. In general,
since |W(a)| = ||| for all W e 2B,

A(4,) = 3 (= )7 IW (@) *e(W (@) = l|a|*4,.

So we would be in good shape if we had a formula for A of a product of two
functions. One expects such a formula to take the form

A(fg) = A(f)g + 2(V/, Vg) + fA(g), (25.18)

where V is a “gradient,” and ( , ) is an “inner product.” Taking f = e(u),
g = e(v), we see that we need to have (Ve(u), Ve(v)) = (p, v)e(u + v). There is
indeed such a gradient and inner product. Define a homomorphism

V: C[A] - b* ® C[A] = Hom(b, C[A])

by the formula V(e(u)) = u-e(n), and define the bilinear form ( , ) on
b* ® C[A] by the formula (ae(p), fe(v)) = (a, B)e(u + v), where (a, p) is the
Killing form on h*.

Exercise 25.19. With these definitions, verify that (25.18) is satisfied, as well as
the Leibnitz rule

V(fg9) = V(f)g + fV(9).

For example, V(x;) = Y, n,u- e(y), and, by the Leibnitz rule,
V(P)= Y Pa-e(x).

aeR

But now look at formula (25.17). This reads



§25.2. Proof of (WCF); the Kostant Multiplicity Formula 421

¢ Py = PA(xs) + (VP, Vy,).

Since, also by the exercise, V(P) = 2(—1)A,V(4,), we may cancel (—1)'4,
from each term in the equation, getting

c Ay = A,A:) + 2(VA,, Vyz).
By the identity (25.18), the right-hand side of this equation is

A(A,7:) — AA) 1 = A(A,x,) — lIpIPA, x4

Sincec = |4 + plI® — ||pl|? this gives |4 + pl?4,x: = A(A,x,), which finishes
the proof. O

We conclude this section with a proof of another general multiplicity
formula, discovered by Kostant. It gives an elegant closed formula for the
multiplicities, but at the expense of summing over the entire Weyl group
(although as we will indicate below, there are many interesting cases where all
but a few terms of the sum vanish). It also involves a kind of partition counting
function. For each weight u, let P(u) be the number of ways to write y as a
sum of positive roots; set P(0) = 1. Equivalently,

i ; P(p)e(n). (25.20)

Proposition 25.21. (Kostant’s Multiplicity Formula). The multiplicity n,(I’;) of
weight p in the irreducible representation T, is given by
n,(I;) = Wzm (=DYP(W(A + p) — (1 + p))

where p is half the sum of the positive roots.

PRrOOF. Write (4,)™! = e(—p)/[ [ (1 — e(—a)) = Y, P(v)e(—v — p). By (WCF),
= Az (4,) = WZ (—=1)¥e(W(A + p)P(v)e(—v — p)

= "Z,v (=1)¥YPWe(W(A + p) — (v + p))
= WZ (=D)"P(W(@A + p) — (4 + p))e(u),
as seen by writing u = W(4 + p) — (v + p). O

In fact, the proof shows that Kostant’s formula is equivalent to Weyl’s
formula, cf. [Cart].

One way to interpret Kostant’s formula, at least for weights u close to the
highest weight 4 of I, is as a sort of converse to Proposition 14.13(ii). Recall
that this says that I', will be generated by the images of its highest weight
vector v under successive applications of the generators of the negative root
spaces; in practice, we used this fact to bound from above the multiplicities of
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various weights u close to 4 by counting the number of ways of getting from
A to u by adding negative roots. The problem in making this precise was always
that we did not know how many relations there were among these images, if
any. Kostant’s formula gives an answer: for example, if the difference 4 — p is
small relative to A, we see that the only nonzero term in the sum is the principle
term, corresponding to W = 1; in this case the answer is that there are no
relations other than the trivial ones X(Y(v)) — Y(X(v)) = [X, Y](v). When u
gets somewhat smaller, other terms appear corresponding to single reflections
W in the walls of the Weyl chamber for which W(4 + p) is higher than u + p;
we can think of these terms, which all appear with sign — 1, as correction terms
indicating the presence of relations. As u gets smaller still, of course, more
terms appear of both signs, and this viewpoint breaks down.

To see how this works in practice, the reader can for example carry out the
analysis of the example at the end of §13.1.

Exercise 25.22* (Kostant). Prove the following formula for the function P,
which can be used to calculate it inductively: P(0) = 1, and, for u # 0,

P(u) = —ng (=D"P(u + W(p) — p).

Exercise 25.23* (Racah). Deduce from Kostant’s formula and the preceding
exercise the following inductive formula for the multiplicities n, of y in
I:n, = 1if p = 4, and if p is any other weight of I;, then

n,= — Z (- I)Wnu+p—W(p)‘
W#1
Show, in fact, that for any weight u
W;QB (_ I)Wnu+p—W(p) = ; (_ I)W”
where the second sum is over those W’ € 1B such that W'(4 + p) = u + p.

Note that Kostant’s formula, more than any of the others, shows us directly
the pattern of multiplicities in the irreducible representations of sl;C. For
one thing, it is easy to represent the function P diagrammatically: in the
weight lattice of sl,C, the function P(u) will be a constant 1 on the rays
{aL, —aL,},5, and {aL, — aL,},., through the origin in the direction of
the two simple positive roots L, — L, and Ly — L,. It will have value 2 on
the translates {aL, — (@ + 3)L,},>_, and {aL, — (a — 3)L,},~, of these two
rays by the third positive root L, — L,: for example, the first of these can be
written as

aLl, —(@+3)Ly=(@+1):(L,— L)+ Ly — L,
=(@+2)(Ly—L;)+ Ly—Ly;

and correspondingly its value will increase by 1 on each successive translate
of these rays by L; — L,. The picture is thus
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}/

Now, the prescription given in the Kostant formula for the multiplicities is to
take six copies of this function flipped about the origin, translated so that
the vertex of the outer shell lies at the points w(4 + p) — p and take their
alternating sum. Superimposing the six pictures we arrive at

which shows us clearly the hexagonal pattern of the multiplicities.
Exercise 25.24*. A nonzero dominant weight 4 of a simple Lie algebra is called
minuscule if A(H,) = 0 or 1 for each positive root .

(a) Show that if 1 is minuscule, then every weight space of I', is one
dimensional.
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(b) Show that A is minuscule if and only if all the weights of I'; are conjugate
under the Weyl group.

(c) Show that a minuscule weight must be one of the fundamental weights.
Find the minuscule weights for each simple Lie algebra.

§25.3. Tensor Products and Restrictions To Subgroups

In the case of the general or special linear groups, we saw general formulas
for describing how the tensor product I'; ® I, of two irreducible representa-
tions decomposes:

r;' ® F“ = @ NA,”F‘,.

In these cases the multiplicities N, can be described by a combinatorial
formula: the Littlewood—Richardson rule. In general, such a decomposition
is equivalent to writing

XaXu = 2, Naw Xy (25.25)

in Z[A], where y, = Char(I';) denotes the character.* By Weyl’s character
formula, these multiplicities N,,, are determined by the identity

Aoy Ayry =Y NipA, A,y (25.26)

This formula gives an effective procedure for calculating the coefficients N;,,,
if one that is tedious in practice: we can peel off highest weights, i.e., successively
subtractfrom 4, ,* 4, ,multiplesof 4, A, , for the highest v that appears.

There are some explicit formulas for the other classical groups. R. C. King
[Ki2] has showed that for both the symplectic or orthogonal groups, the
multiplicities N,,, are given by the formula

NA‘“ B E;t Mc"‘- ) eru "M, (25.27)

where the M’s denote the Littlewood-Richardson multiplicities, i.e., the corre-
sponding numbers for the general linear group, and the sum is over all
partitions {, g, t. For other formulas for the classical groups, see [Murl],
[Wel, p. 230].

Exercise 25.28*. For 50, C, show that all the nonzero multiplicities N;,, are 1’s,
and these occur for v in a rectangle with sides making 45° angles to the axes.
Describe this rectangle.

4 In the literature these multiplicities N, are often called “outer multiplicities,” and the problem
of finding them, or decomposing the tensor product, the “Clebsch—-Gordan” problem.
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Steinberg has also given a general formula for the multiplicities N;,,. Since
it involves a double summation over the Weyl group, using it in a concrete
situation may be a challenge.

Proposition 25.29 (Steinberg’s Formula). The multiplicity of T, in T, ® T, is
Ny, = WZ';V, (—=)"™P(W(A + p) + W (n+ p)— v —2p),

where the sum is over pairs W, W’ € I, and P is the counting function appearing
in Kostant’s multiplicity formula.

Exercise 25.30*. Prove Steinberg’s formula by multiplying (25.25) by 4,,, using
(WCF) to get x;A4,4, =Y Ny, A,.,. Write out both sides, using Kostant’s
formula for x,, and compute the coefficient of the term e(B + p) on each side,
for any . This gives

W;, (=D""PW@A+p)+W(n+p)—B—2p)= ;(— DNy w+pr-p-
Show that for f = v all the terms on the right are zero but N, ,,.

Exercise 25.31 (Racah). Use the Steinberg and Kostant formulas to show that
N).uv = ; (— I)an+p—W(p+p)(r).)'

The following is the generalization of something we have seen several times:

Exercise 25.32. If A and p are dominant weights, and « is a simple root with
A(H,) and u(H,) not zero, show that A + u — « is a dominant weight and
I'; ® I, contains the irreducible representation I';,,_, with multiplicity one.
So

eI, =T,®I,,,® others.

In case u = A, with A(H,) # 0, Sym?(I';) contains I}, ,, while A*(T;) contains
F}.+u—a‘

Exercise 25.33. If A + { is a dominant weight for each weight { of I',, show
that the irreducible representations appearing in I', ® I', are exactly the I .
Infact, with no assumptions, every component of I', ® I', always has this form.
One can show that N, is the dimension of

{fveM),-, Hi*'(v)=0,1<i<n, I, = p(H)}.

For this, see [Zel, §131].

For other general formulas for the multiplicities N,,,, see [Kem], [K-N],
[Li], and [Kum1], [Kum2].

We have seen in Exercise 6.12 a formula for decomposing the representa-
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tion I'; of GL,,C when restricted to the subgroup GL,_, C. In this case.thc
multiplicities of the irreducible components again have a simple combina-
torial description. There are similar formulas for other classical groups. In the
literature, such formulas are often called “branching formulas,” or “modifica-
tion rules.” We will just state the analogues of this formula for the symplectic
and orthogonal cases:

For s0,,C < s0,,,,C, and T; the irreducible representation of $0,,,,C
given by A = (4, > --- > 4, > 0), the restriction is

Resiima () = PTG, (25.34)
the sum over all 2 = (4,, ..., 4,) with
M2A 220,221, 21,24,

with the 4; and 4; simultaneously all integers or all half integers.
For s0,,_;C < s0,,C, and I, the irreducible representation of so,,C given
by A =(4; >+ > |4,]),
ResiC (I) = PI;, (25.35)

$02p-1

the sum over all 1 = (1,, ..., 4,_,) with
M2A2h 202 2 Dy 2 Al

with the Z; and A, simultaneously all integers or all half integers.
For sp,,_,C < sp,,C, and I, the irreducible representation of sp,,C given
by A= (4; >+ > 4, > 0), the restriction is

RespC (1) = PNl (25.36)

the sum over all A = (4,, ..., 4,_,) with Z, > --- > 1,_, > 0, and the multi-
plicity N,; is the number of sequences p,, ..., p, of integers satisfying

AM2p122,2p, > 24,2p,20
and

P12A 2Py 2Py 2 Fyey 2Py

As in the case of GL,C, these formulas are equivalent to identities among
symmetric polynomials. The reader may enjoy trying to work them out from
this point of view, cf. Exercise 23.43 and [Boe]. A less computational approach
is given in [Zel].

As we saw in the case of the general linear group, these branching rules can
be used inductively to compute the dimensions of the weight spaces. For
example, for so,,C consider the chain

$0,,C > s0,,_,C > 50, ,C > > s0,C.

Decomposing a representation successively from one layer to the next will
finally write it as a sum of one-dimensional weight spaces, and the dimension
can be read off from the number of “partitions” in chains that start with the
given A. The representations can be constructed from these chains, as described
by Gelfand and Zetlin, cf. [Zel, §10].
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Similarly, one can ask for formulas for decomposing restrictions for
other inclusions, such as the natural embeddings: Sp,,C < SL,,C,
so,C<SL,C, GL,CxGL,C<GL,,,C, GL,C xGL,Cc<=GL,,C,
SL,C < Sp,,C, SL,C < SO,,.,C, SL,C < SO,,C, to mention just a few.
Such formulas are determined in principle by computing what happens
to generators of the representation rings, which is not hard: one need
only decompose exterior or symmetric products of standard representations,
cf. Exercise 23.31. A few closed formulas for decomposing more general
representations can also be found in the literature. We state what happens
when the irreducible representations of GL,,C are restricted to the orthogonal
or symplectic subgroups, referring to [Lit3] for the proofs:

For 0,C = GL,,C,withm = 2nor2n+ 1,given A= (41 > -+ > 4, > 0),

Resg, 2 (T;) = D Nuly (25.37)
the sum over all 1 = (1, > --- > 1, > 0), where
N,U_. = ; Ndi).’

with Njz, the Littlewood-Richardson coefficient, and the sum over all
6 = (61 > 52 > ') Wlth all 61' even.

Exercise 23.38. Show that the representation I, ,, of GL,,C restricts to the
direct sum

[2,2 @ T ® T,

over O,C. (This decomposition is important in differential geometry: the
Riemann—Christoffel tensor has type (2, 2), and the above three components
of its decomposition are the conformal curvature tensor, the Ricci tensor, and
the scalar curvature, respectively.)

Similarly for Sp,,C = GL,,C,

Ress,.2¢ (I) = @ Nulg, (25.39)
the sum over all 1 = (1, > -+ > 4, > 0), where
Niz=) Ny
n

N,z is the Littlewood-Richardson coefficient, and the sum is over all
n=(ny =Ny =>n; =n, =) with each part occurring an even number of
times.

It is perhaps worth pointing out the the decomposition of tensor products
is a special case of the decomposition of restrictions: the exterior tensor
product I; @I, of two irreducible representations of G is an irreducible
representation of G x G, and the restriction of this to the diagonal embedding
of Gin G x G is the usual tensor product I'; ® T,.

There are also some general formulas, valid whenever § is a semisimple Lie
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subalgebra of a semisimple Lie algebra g. Assume that the Cartan subalgebra
b is a subalgebra of b, so we have a restriction from h* to h*, and we assume
the half-spaces determining positive roots are compatible. We write i for
weights of §, and we write u | i to mean that a weight u of g restricts to ji.
Similarly write W for a typical element of the Weyl group of g, and p for half
the sum of its positive weights. If 4 (resp. 4) is a dominant weight for g
(resp. §), let N, ; denote the multiplicity with which I'; appears in the restriction
of T, tog,ie.,

RCS(FI) = @;Nﬂl}.

Exercise 25.40*. Show that, for any dominant weight A of g and any weight i
of g,
Z n,(I3) = Z N;zna(T3).

A

uvit
Exercise 25.41* (Klimyk). Show that
Nu=Y(=0" ¥ nTy.
w

udi+p-W(p)

Exercise 25.42. Show that if the formula of the preceding exercise is applied
to the diagonal embedding of g in g x g, then the Racah formula of Exercise
25.31 results.

For additional formulas of a similar vein, as well as discussions of how they
can be implemented on a computer, there are several articles in SIAM J. Appl.
Math. 25, 1973.

Finally, we note that it is possible, for any semisimple Lie algebra g, to
make the direct sum of all its irreducible representations into a commutative
algebra, generalizing constructions we saw in Lectures 15, §17, and §19. Let
I, ..., I, be the irreducible representations corresponding to the funda-
mental weights w,, ..., ®,. Let

A =Sym([, & DT,)
This is a commutative graded algebra, the direct sum of pieces
A*= @D Sym* ([, )®  ®Sym™(T,),

where a = (a,, ..., a,) is an n-tuple of non-negative integers. Then A* is
the direct sum of the irreducible representation I'; whose highest weight is
A=Y a,w;, and a sum J* of representations whose highest weight is strictly
smaller. As before, weight considerations show that J* = (P, J* is an ideal in
A’, so the quotient

A/ =P
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is the direct sum of all the irreducible representations. The product
Fﬂ. ® r“ hd FA,+ u

in this ring is often called Cartan multiplication; note that the fact that I, .,
occurs once in the tensor product determines such a projection, but only up
to multiplication by a scalar.

Using ideas of §25.1, it is possible to give generators for the ideal J*. If C is
the Casimir operator, we know that C acts on all representations and is
multiplication by the constant ¢, = (4, 4) + (24, p) on the irreducible represen-
tation with highest weight A. Therefore, if 4 = } a,;, the endomorphism
C — ¢, of A* vanishes on the factor I';, and on each of the representations
I, of lower weight y it is multiplication by ¢, — c; # 0 [cf. (25.2)]. It follows
that

J* = Image(C — c;I: A* - A*).

Exercise 25.43*. Write C = ) U,U; asin §25.1. Show that for v, ..., v,, vectors
in the fundamental weight spaces, with v; € T, and ) a; = ) a;;, the element
(C —c;I)(vy-vy-... v,) is the sum over all pairs j, k, with 1 < j <k < m, of
the terms

<Z (Ui(vj)' Ui(v) + Ui’(”j)' Ui(vy)) — 2(“,', ak)vj' Uk)' H U;.

1#4,k

From this exercise follows a theorem of Kostant: J* is generated by the
elements

2 (U(v) Ui(w) + Ui (v)- Ui(w)) — 2(, p)o-w

for veI,, weTy, with o and f fundamental roots. For the classical Lie
algebras, this formula can be used to find concrete realizations of the ring. If
one wants a similar ring for a semisimple Lie group, one has the same ring,
of course, when the group is simply connected; this leads to the ring described
in Lectures 15 and 17 for SL,C and Sp,,C. For SO,,C, little change is needed
when m is odd, but there is more work for m even. Details can be found in
[L-T].



LECTURE 26

Real Lie Algebras and Lie Groups

In this lecture we indicate how to complete the last step in the process outlined at the
beginning of Part II: to take our knowledge of the classification and representation
theory of complex algebras and groups and deduce the corresponding statements in
the real case. We do this in the first section, giving a list of the simple classical real Lie
algebras and saying a few words about the corresponding groups and their (complex)
representations. The existence of a compact group whose Lie algebra has as complexi-
fication a given semisimple complex Lie algebra makes it possible to give another
(indeed, the original) way to prove the Weyl character formula; we sketch this in §26.2.
Finally, we can ask in regard to real Lie groups G a question analogous to one asked
for the representations of finite groups in §3.5: which of the complex representations
V of G actually come from real ones. We answer this in the most commonly en-
countered cases in §26.3. In this final lecture, proofs, when we attempt them, are
generally only sketched and may require more than the usual fortitude from the reader.

§26.1: Classification of real simple Lie algebras and groups
§26.2: Second proof of Weyl’s character formula
§26.3: Real, complex, and quaternionic representations

§26.1. Classification of Real Simple Lie Algebras
and Groups

Having described the semisimple complex Lie algebras, we now address the
analogous problem for real Lie algebras. Since the complexification g, ®g C
of a semisimple real Lie algebra g, is a semisimple complex Lie algebra and
we have classified those, we are reduced to the problem of describing the real
forms of the complex semisimple Lie algebras: that is, for a given complex Lie
algebra g, finding all real Lie algebras g, with
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Qo®nc%g-

We saw many of the real forms of the classical complex Lie groups and
algebras back in Lectures 7 and 8. In this section we will indicate one way to
approach the question systematically, but we will only include sketches of
proofs.

To get the idea of what to expect, let us work out real forms of sl,C
in detail. To do this, suppose g, is any real Lie subalgebra of sl,C, with
8o ®g C = sl,C. The natural thing to do is to try to carry out our analysis of
semisimple Lie algebras for the real Lie algebra g,: that is, find an element
H € g, such that ad(H) acts semisimply on g,, decompose g, into eigenspaces,
and so on. The first part of this presents no problem: since the subset of sl,C
of non-semisimple matrices is a proper algebraic subvariety, it cannot contain
the real subspace g, < s, C, so that we can certainly find a semisimple H € g,.

The next thing is to consider the eigenspaces of ad(H) acting on g. Of
course, ad(H) has one eigenvalue 0, corresponding to the eigenspace b, =
R H spanned by H. The remaining two eigenvalues must then sum to zero,
which leaves just two possibilities:

(i) ad(H) has eigenvalues A and — 4, for 4 a nonzero real number; multi-
plying H by a real scalar, we can take A = 2. In this case we obtain a
decomposition of the vector space g, into one-dimensional eigenspaces

8o =bo®g, Dg_.

We can then choose X € g, and Y € g_,; the standard argument then shows
that the bracket [ X, Y] is a nonzero multiple of H, which we may take to be
1 by rechoosing X and Y. We thus have the real form sl, R, with the basis

n=(o ) x=G o) =0 0)

(if) ad(H) has eigenvalues id and —iA for A some nonzero real number; again,
adjusting H by a real scalar we may take A = 1. In this case, of course, there
are no real eigenvectors for the action of ad(H) on g,; but we can decompose
go into the direct sum of f, and the two-dimensional subspace 8(i,—i) corre-
sponding to the pair of eigenvalues i and —i. We may then choose a basis B
and C for gy; _;, with

[H,B]=C and [H,C]= —B.

The commutator [B, C] will then be a nonzero multiple of H, which we may
take to be either H or —H (we can multiply B and C simultaneously by a
scalar y, which multiplies the commutator [ B, C] by u2). In the latter case, we
see that g, is isomorphic to sl,R again: these are the relations we get if we
take as basis for sl,C the three vectors

0 1 0 1 1 0
H: 2 = = .
<—% 0)’ s (1 0)’ and € (0 —1>
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Finally, if the commutator [B, C] = H, we do get a new example: g, is in this
case isomorphic to the algebra

su, = {A:'A = — A and trace(4) = 0} c sl,C,

which has as basis
i/2 0 0 12 0 i/Z)
= = C = .
H (0 —i/2>’ 5 (—1/2 0 > and (i/2 0

Exercise 26.1. Carry out this analysis for the real Lie algebras so; Rand so, ; R.
In particular, give an isomorphism of each with either sl, R or su,.

This completes our analysis of the real forms of sl,C. In the general
case, we can try to apply a similar analysis, and indeed at least one aspect
generalizes: given a real form g, < g of the complex semisimple Lie algebra
g, we can find a real subalgebra b, < g, such that h, ® C is a Cartan sub-
algebra of g = g, ® C; this is called a Cartan subalgebra of g,. There is a
further complication in the case of Lie algebras of rank 2 or more: the values
on b, of a root a € R of g need not be either all real or all purely imaginary.
We, thus, need to consider the root spaces g,, 9z, G-, and g_z and the
subalgebra they generate, at the same time. Moreover, as we saw in the above
example, whether the values of the roots o € R of g on the real subspace §,
are real, purely imaginary, or neither will in general depend on the choice of

Bo-

Exercise 26.2*. In the case of g, = sl;R = g = sl;C, suppose we choose as
Cartan subalgebra ), the space spanned over R by the elements

2 0 0 0 00
H=|{0-1 0| and H,=|0 0 1
0 0 -1 0-10

Show that this is indeed a Cartan subalgebra, and find the decomposition of
g into eigenspaces for the action of ) = h, ® C. In particular, find the roots
of g as linear functions on ), and describe the corresponding decomposition
of go.

Judging from these examples, it is probably prudent to resist the temptation
to try to carry out an analysis of real semisimple Lie algebras via an analogue
of the decomposition g = h @ (@ g,) in this case. Rather, in the present book,
we will do two things. First, we will give the statement of the classification
theorem for the real forms of the classical algebras—that is, we will list all
the simple real Lie algebras whose complexifications are classical algebras.
Second, we will focus on two distinguished real forms possessed by any real
semisimple Lie algebra, the split form and the compact form. These are the
two forms that you see most often; and the existence of the latter in particular
will be essential in the following section.
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For the first, it turns out to be enough to work out the complexifications
8o ®r C = go @ i g, of the real Lie algebras g, we know. The list is:

Real Lie algebra Complexification
sl,R sl,C

sl,C sl,C x sl,C
sl,H = gl,H/R sl,,C

so, R $0,,,C

s0,C $0,C x s0,C
5p2, R 5p2,C

5P2,C $p2.C x sp,,C
T slp4,C

up,qH 5p2(n+q)c

w¥H $0,,C

The last two in the left-hand column are the Lie algebras of the groups U, ,H
and U*H of automorphisms of a quaternionic vector space preserving a
Hermitian form with signature (p, q), and a skew-symmetric Hermitian form,
respectively.

We should first verify that the algebras on the right are indeed the complexi-
fications of those on the left. Some are obvious, such as the complexification

LR =s,R@i-sl,R=sl,C.

The same goes for so, ,R and sp,,R.
Next, consider the complexification of

su,={Aesl,C:'"A=—A}.
To see that sI,C = su, @ i-su,, let M € sl,C, and write
M =3(M — ‘M) + 3(M + ‘M) = 34 + 1B;
then 4 e su,, iB € su,,and M = 34 — i(i/2) B.

The general case of su,, , < sl,,,C is similar: if the form is given by (x, y) =

o p+q
‘xQy, then su,, , = {A4:'AQ = —QA}. Writing M € sl,,,C in the form

Ptq
M =4(M — QM Q)—i-(}(M +iQ-M"Q))
and using Q@ ='Q = Q™! = Q, one sees that M € su, ,@Di-su, . N
For the complexification of s1,,C, embed sl,,C in sI,,C x sl,,C by A (4, A).
Given any pair (B, C), write

(B,O)=3B+CB+0O+4B-C ~B+0)
=3B+ C,B+ C)—i-(4(iB +iC, iB + iC).

For the quaternionic Lie algebra, from the description of GL,H we saw in
Lecture 7, we have

gl,H = {4 € gl,,C: AJ = JA},
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0 I
with J = ( ) As before, for M € gl,,C, we can write

-1 0
M=iM—-J-M-J)—i-(GM + iJ-iM-J))
to see that gl,H ®y C = gl,,C.

Exercise 26.3. Verify the rest of the list.

The theorem, which also goes back to Cartan, is that this includes the
complete list of simple real Lie algebras associated to the classical complex types
(A,)-(D,). In fact, there are an additional 17 simple real Lie algebras asso-
ciated with the five exceptional Lie algebras. The proof of this theorem is
rather long, and we refer to the literature (cf. [H-S], [Hel], [Ar]) for it.

Split Forms and Compact Forms

Rather than try to classify in general the real forms g, of a semisimple Lie
algebra g, we would like to focus here on two particular forms that are
possessed by every semisimple Lie algebra and that are by far the most
commonly dealt with in practice: the split form and the compact form.

These represent the two extremes of behavior of the decomposition g =
b @ (P g,) with respect to the real subalgebra g, = g. To begin with, the split
Jorm of g is a form g, such that there exists a Cartan subalgebra b, = g, (that
is, a subalgebra whose complexification ) = h, ® C = g, ® C = gis a Cartan
subalgebra of g) whose action on g, has all real eigenvalues—i.e., such that
all the roots a € R = h* of g (with respect to the Cartan subalgebra b =
ho ® C < g) assume all real values on the subspace },. In this case we have a
direct sum decomposition

80 =bo® (D 1)

of g, into h, and one-dimensional eigenspaces i, for the action of §, (each j,
will just be the intersection of the root space g, = g with g,); each pair j, and
i—, will generate a subalgebra isomorphic to sl, R. As we will see momentarily,
this uniquely characterizes the real form g, of g.

By contrast, in the compact form all the roots a € R = h* of g (with respect
to the Cartan subalgebrah = h, ® C = g) assume all purely imaginary values
on the subspace b,. We accordingly have a direct sum decomposition

9o = bO e(C—B Ia)

of g, into b, and two-dimensional spaces on which §, acts by rotation (each
[, will just be the intersection of the root space g, ® g_, with g,); each I, will
generate a subalgebra isomorphic to su,.

The existence of the split form of a semisimple complex Lie algebra was
already established in Lecture 21: one way to construct a real—even rational
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—form g, of a semisimple Lie algebra g is by starting with any generator X,
for the root space for each positive simple root a;, completing it to standard
basis X, , Y, ,and H; = [X,,, Y, ]for the corresponding s,, = s,C, and taking
g, to be the real subalgebra generated by these elements. Choosing a way to
write each positive root as a sum of simple roots even determined a basis
{H;ebh, X, eq,, Y, €g_,} for g, as in (21.20). The Cartan subalgebra b, of g,
is the real span of these H;. Note that once | is fixed for g, the real subalgebra
b, is uniquely determined as the span of the H, for all roots a. The algebra g,
is determined up to isomorphism; it is sometimes called the natural real form
of g. Note that this also demonstrates the uniqueness of the split form: it is
the only real form g, of g that has a Cartan subalgebra b, acting on g, with
all real eigenvalues.

As for the compact form of a semisimple Lie algebra, it owes much of its
significance (as well as its name) to the last condition in

Proposition 26.4. Suppose g is any complex semisimple Lie algebra and g, < g
a real form of g. Let b, be a Cartan subalgebra of gy, ) = by ® C the corre-
sponding Cartan subalgebra of g. The following are equivalent:

(i) Each root a € R = h* of g assumes purely imaginary values on b,, and
for each root o the subalgebra of g, generated by the intersection |, of
(8, D g_,) wWith g, is isomorphic to su,;
(ii) The restriction to g, of the Killing form of g is negative definite;
(iil) The real Lie group G, with Lie algebra g, is compact.

In (iii), G, can be taken to be the adjoint form of g,. However, a theorem
of Weyl ensures that the fundamental group of any such G, is finite, so the
condition is independent of the choice of G,. Note also that, by the equivalence
with (ii) and (iii), the condition (i) must be independent of the choice of Cartan
subalgebra },. This is in contrast with the split case, where we require only
that there exist a Cartan subalgebra whose action on g has all real eigenvalues;
as we saw in the case of s, R, in the split case a different h, may have imaginary
eigenvalues.

PRrOOF. We start by showing that the first condition implies the second; this
will follow from direct observation. To begin with, the value of the Killing
form on H €}, is visibly

B(H, H) = ¥ (a(H))? < 0.

Next, the subspaces I, are orthogonal to one another with respect to B, so it
remains only to verify B(Z, Z) < 0 for a general member Z € [,. To do this,
let X and Y be generators of g, and g_, = g respectively, chosen so as to form,
together with their commutator H = [X, Y] a standard basis for sl, C. By the
analysis of real forms of sl,C above, we may take as generators of the algebra
generated by I, the elements iH, U = X — Y and V = iX + iY. If we set

Z=aU+bV=(a+ib)- X +(—a+ib) Y,
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then we have
ad(Z) o ad(Z) = (a + ib)? ad(X) o ad(X)

— (@® + b*)(ad(X) o ad(Y) + ad(Y) o ad(X))

+ (a — ib)? ad(Y) o ad(Y).
Now, ad(X) o ad(X) and ad(Y) o ad(Y) have no trace, so we can write

trace(ad(Z) o ad(Z)) = —2-(a® + b?)-trace(ad(X) o ad(Y)). (26.5)

By direct examination, in the representation Sym"V of sl,C, ad(X) o ad(Y)
acts by multiplication by (n — 2)(n + A — 2)/4 > 0 on the A-eigenspace for H,
from which we deduce that the right-hand side of (26.5) is negative.

Next, we show that the second condition implies the third. This is imme-
diate: the adjoint form G, is the connected component of the identity of the
group Aut(g,). In particular, it is a closed subgroup of the adjoint group of g,
and it acts faithfully on the real vector space g,, preserving the bilinear form
B. If B is negative definite it follows that G, is a closed subgroup of the
orthogonal group SO,,R, which is compact.

Finally, if we know that G, is compact, by averaging we can construct a
positive definite inner product on g, invariant under the action of G,. For any
X in go, ad(X) is represented by a skew-symmetric matrix 4 = (a; ;) with
respect to an orthonormal basis of g, (cf. (14.23)), so B(X, X) = Tr(A o A) =

Y% 8, = —y.,at; < 0. In particular, the eigenvalues of ad(X) must be
purely imaginary. Therefore a(f),) = iR and @ = —a for any root a, from
which (i) follows. O

We now claim that every semisimple complex Lie algebra has a unique
compact form. To see this we need an algebraic notion which is, in fact, crucial
to the classification theorem mentioned above: that of conjugate linear involu-
tion. If g = g, ®g C is the complexification of a real Lie algebra g, there is a
map o: g — g which takes x ® z to x ® z for x € g, and z € C; it is conjugate
linear, preserves Lie brackets, and ¢ is the identity. The real algebra g, is the
fixed subalgebra of g, and conversely, given such a conjugate linear involution
o of a complex Lie algebra g, its fixed algebra g is a real form of g. To prove the
claim, we start with the split, or natural form, as constructed in Lecture 21
and referred to above. With a basis for g chosen as in this construction, it is
not hard to show that there is a unique Lie algebra automorphism ¢ of g that
takes each element of | to its negative and takes each X, to Y, (this follows
from Claim 21.25). This automorphism ¢ is a complex linear involution which
preserves the real subalgebra g,. This automorphism commutes with the
associated conjugate linear 6. The composite ¢ = @0 is a conjugate linear
involution, from which it follows that its fixed part g, = ¢°¢ is another real
form of g. This has Cartan subalgebra |, = §°® = i-f,. We have seen that the
restriction of the Killing form to b, is positive definite. It follows that its
restriction to b, is negative definite, and hence that g, is a compact form of g.
Finally, this construction of g, from g, is reversible, and from this one can
deduce the uniqueness of the compact form.
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We may see directly from this construction that

8=b® @ L,

aeR*
wherel, = (g, ® g_,)’?isareal plane with[, ®; C =g, ® g_,and [h,, I,] < L.
Exercise 26.6. Verify that {4;=i-H;: 1 < j <n}isabasis forb,, {B,= X, - Y,,
C,=i'(X, + Y,)} is a basis for I,, and the action is given by
[Aj, Ba] =p Ca and [Aj’ Ca] = —p Bu’

where p is the integer a(H;). In particular, b, acts by rotations on the planes [,.

Our classical Lie algebras g all came equipped with a natural real form g,
and with a basis of the above type. These split forms are:

Complex simple Lie algebra  Split form

SIn+1 c SIn+1 R
s02n+1(: E-’0n+1,n
sp,,C sp,, R
$0,,C $0, ,

Exercise 26.7. For each of these split forms, find the corresponding compact
form g..

Exercise 26.8. Let g, be a real semisimple Lie algebra. Show that a subalgebra
b, of g¢ is a Cartan subalgebra if and only if it is a maximal abelian subalgebra
and the adjoint action on g, is semisimple.

Exercise 26.9*. Starting with a real form g, of g with associated conjugation
g, show that one can always find a compact form g, of g such that a(g,) = g,,
and such that

G =tDp,

where t = b, = g, N g,, and p = g, N (i* g,). Such a decomposition is called a
Cartan decomposition of g,. It is unique up to inner automorphism.

Exercise 26.10*. For any real form g, of g, given by a conjugation g, show
that there is a Cartan subalgebra ) of g that is preserved by o, so g, N b is
a Cartan subalgebra of g,.

Naturally, the various special isomorphisms between complex Lie algebras
(sI,C = s05,C = sp,C, etc.) give rise to special isomorphisms among their real
forms. For example, we have already seen that

shLR = su, ; =50, ,; =sp,R,

while
su, @ so;RsliHuH
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(cf. Exercise 26.1). Similarly, each of the remaining three special isomorphisms
of complex semisimple Lie algebras gives rise to isomorphisms between their
real forms, as follows:

(i s0,C=2sl,C x sl,C

compact forms: so, R = su, x su,

split forms: s0, , = s[,R x s, R

others: so, ; = sl,C, ufH =~ su, x sl,R.
(i) sp,C =~ s0,C

compact forms: u,H = sosR

split forms: sp,R = so; ,

other:u, ;H = so, ;.
(i) sl,C =~ so4C

compact forms: su, = sogR

split forms: s, R = so; 5

others: su, , = s04 ,; su3 ; = ufH; sl,H = so; ;.

In addition, the extra automorphism of s04C coming from triality gives
rise to an isomorphism ufH = so ,.

Exercise 26.11. Verify some of the isomorphisms above. (Of course, in the case
of compact and split forms, these are implied by the corresponding iso-
morphisms of complex Lie algebras, but it is worthwhile to see them directly
in any case.)

Real Groups

We turn now to problem of describing the real Lie groups with these Lie
algebras. Let G be the adjoint form of the semisimple complex Lie algebra g.
If g, is a real form of g, the associated conjugate linear involution ¢ of g that
fixes g, lifts to an involution & of G. (This follows from the functorial nature
of the adjoint form, noting that G is regarded now as a real Lie group.)
The fixed points G of this involution then form a closed subgroup of G; its
connected component of the identity G, is a real Lie group whose Lie algebra
is go. G is called the complexification of G,.

We have seen in §23.1 that if I' = I, is the lattice of those elements in § on
which all roots take integral values, then 2ziT is the kernel of the exponential
mapping exp: h = G to the adjoint form. If b, is a Cartan subalgebra of g,
T = exp(h,) will be compact precisely when the intersection of b, with the
kernel 2xil” is a lattice of maximal rank. In this case, T will be a product of n
copies of the circle S*, n = dim(b), and, since the Killing form on b, is negative
definite, the corresponding real group G, will also be compact. Such a G, will
be a maximal compact subgroup of G.

When G, = G is a maximal compact subgroup, they have the same irreduc-
ible complex representations. Indeed, for any complex group G', each complex
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homomorphism from G to G’ is the extension of a unique real homomorphism
from G, to G'. This follows from the corresponding fact for Lie algebras and
the fact that G, and G have the same fundamental group. This is another
general fact, which implies the finiteness of the fundamental group of G,; we
omit the proof, noting only that it can be seen directly in the classical cases:

Exercise 26.12*. Prove that ©,(G,) — 7,(G) is an isomorphism for each of the
classical adjoint groups.

Exercise 26.13*. The special isomorphisms of real Lie algebras listed above
give rise to special isomorphisms of real Lie groups. Can you find these?

It is another general fact that any compact (connected) Lie group is a
quotient

(G, x G, x--- x G, x T/Z,

where the G; are simple compact Lie groups, T = (S*)* is a torus, and Z is a
discrete subgroup of the center. In particular, its Lie algebra is the direct sum
of a semisimple compact Lie algebra and an abelian Lie algebra. This provides
another reason why the classification of irreducible representations in the real
compact case and the semisimple complex case are essentially the same.

Representations of Real Lie Algebras

Finally, we should say a word here about the irreducible representations
(always here in complex vector spaces!) of simple real Lie algebras. In some
cases these are easily described in terms of the complex case: for example, the
irreducible representations of su,, or sl,,R are the same as those for sl,,C, i.e.,
they are the restrictions of the irreducible representations I', = S,C™ corre-
sponding to partitions or Young diagrams A. This is the situation in general
whenever the complexification g = g, ® C of the real Lie algebra g, is still
simple: the representations of g, on complex vector spaces are exactly the
representations of g. The situation is slightly different when we have a simple
real Lie algebra whose complexification is not simple: for example, the irreduc-
ible representations of sl,,C, regarded as a real Lie algebra, are of the form
I,®T,, where I_“,, is the conjugate representation of I,. The situation in
general is expressed in the following

Exercise 26.14. Show that if g, is a simple real Lie algebra whose complexifica-
tion g is simple, its irreducible representations are the restrictions of (uniquely
determined)irreducible representations of g. If g, is the underlying real algebra
of a simple complex Lie algebra, show that the irreducible representations of
go are of the form V ® W, where V and W are (uniquely determined) irreduc-
ible representations of the complex Lie algebra.



